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Mouvement brownien branchant avec selection 



Resume 

Dans cette these, le mouvement brownien branchant (MBB) est un systeme aleatoire 
de particules, ou celles-ci diffusent sur la droite reelle selon des mouvements browniens et 
branchent a taux constant en un nombre aleatoire de particules d'esperance superieure a 1. 
Nous etudions deux modeles de MBB avec selection : le MBB avec absorption a une droite 
espace-temps et le 7V-MBB, ou, des que le nombre de particules depasse un nombre donne 
N, seules les N particules les plus a droite sont gardees tandis que les autres sont enlevees 
du systeme. Pour le premier modele, nous etudions la loi du nombre de particules absorbees 
dans le cas ou le processus s'eteint presque surement, en utilisant un lien entre les equations 
de Fisher-Kolmogorov-Petrovskii-Piskounov (FKPP) et de Briot-Bouquet. Pour le deuxieme 
modele, dont l'etude represente la plus grande partie de cette these, nous donnons des asymp- 
totiques precises sur la position du nuage de particules quand N est grand. Plus precisement, 
nous montrons qu'elle converge a l'echelle de temps log 3 N vers un processus de Levy plus une 
derive lineaire, tous les deux explicites, confirmant des previsions de Brunet, Derrida, Mueller 
et Munier. Cette etude contribue a la comprehension de fronts du type FKPP sous l'influence 
de bruit. Enfin, une troisieme partie montre le lien qui existe entre le MBB et des processus 
ponctuels stables. 

Mots-clefs 

Mouvement brownien branchant, selection, equation de Fisher-Kolmogorov-Petrovskii- 
Piskounov (FKPP) bruitee, equation de Briot-Bouquet, mesure aleatoire stable. 



Branching Brownian motion with selection 

Abstract 

In this thesis, branching Brownian motion (BBM) is a random particle system where the 
particles diffuse on the real line according to Brownian motions and branch at constant rate 
into a random number of particles with expectation greater than 1. We study two models of 
BBM with selection: BBM with absorption at a space-time line and the 7V-BBM, where, as 
soon as the number of particles exceeds a given number N, only the TV right-most particles 
are kept, the others being removed from the system. For the first model, we study the 
law of the number of absorbed particles in the case where the process gets extinct almost 
surely, using a relation between the Fisher-Kolmogorov-Petrovskii-Piskounov (FKPP) and 
the Briot-Bouquet equations. For the second model, the study of which represents the biggest 
part of the thesis, we give a precise asymptotic on the position of the cloud of particles when N 
is large. More precisely, we show that it converges at the timescale log 3 N to a Levy process 
plus a linear drift, both of them explicit, which confirms a prediction by Brunet, Derrida, 



Mueller and Munier. This study contributes to the understanding of travelling waves of 
FKPP type under the influence of noise. Finally, in a third part we point at the relation 
between the BBM and stable point processes. 

Keywords 

Branching Brownian motion, selection, Fisher-Kolmogorov-Petrovskii-Piskounov (FKPP) 
equation with noise, Briot-Bouquet equation, stable random measure. 
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Introduction 



The ancestor of all branching processes is the Galton-Watson proces^ A Galton- Watson 
process (Z n ) n ^>Q with reproduction law q{k)k^o is defined in the following way: Zq = 1 and 
Z n+ \ = Z n ^\ + • • • + Z n ^z nl where the Z n ^ are independent and identically distributed (iid) 
according to q(k)k^o- The generating function /(s) = Efs^ 1 ] plays an important role in 
the study of (Z n ) n ^o, because of the relation E[s^ n ] = f^ n \s) = f o ■■■ o f(s), the n-fold 
composition of / with itself. With this basic fact, one can see for example without difficulty 
that the probability of extinction (i.e. the probability that Z n = for some n) equals the 
smallest fixed point of / in [0,1]. In particular, the extinction probability is one if and only 
if E[L] = /'(l) is less than or equal to one. This motivates the classification of branching 
processes into supercritical, critical and subcritical, according to whether E[Zi] is larger 
than, equal to or less than one. Furthermore, generating function techniques have been used 
extensively in the 1960's and 1970's in order to derive several limit theorems, one of the 
most famous being the Kesten-Stigum theorem, which says that in the supercritical case, the 
martingale Z n /E[Z n ] converges to a non-degenerate limit if and only if E[Zi logZi] < oo. 

The Galton-Watson process has two natural variants: First of all, one can define a branch- 
ing process (Zt)t^o in continuous time, where each individual branches at rate j3 > into a 
random number of individuals, distributed according to q(k). The generating function of Z% 
then satisfies two differential equations called Kolmogorov's forward and backward equations 
(see (3.2) and (3.3) in Chapter [T]). In passing to continuous time one loses generality, because 



the discrete skeleton (Z an ) n ^>Q for any a > is a Galton-Watson process in the above sense. 
In fact, the question under which conditions a (discrete-time) Galton-Watson process can 
be embedded into a continuous-time process has been investigated in the literature (see |14[ 
Section III. 12]). 

The second variant is to assign a type to each individual and possibly let the reproduction 
of an individual depend on the type. In the simplest case, the case of a finite number of 
types, this yields to results which are similar to those of the single-type case. For example, 
the classification into supercritical, critical or subcritical processes now depends on the largest 
eigenvalue of a certain matrix and even the Kesten-Stigum theorem has an analogue (see |14[ 
Chapter V]). 

Branching Brownian motion and FKPP equation. In this thesis, we study one-dimen- 
sional branching Brownian motion (BBM), which is a fundamental example of a multitype 
branching processes in a non-compact state space, namely the real numbers^] Starting with 
an initial configuration of particlesj^ located at the positions x\, . . . ,x n e R, the particles 
independently diffuse according to Brownian motions and branch at rate one into a random 



1. See |1U1| for an entertaining historical overview. Note that it should be called the Bienayme- Galton- 
Watson process, but we will stick to the standard name. 

2. Strictly speaking, the type space of BBM is the space of continuous real-valued functions, but we ignore 
this fact here. 

3. We will often, but not always, use the terms "particle" and "individual" interchangeably. 
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number of particles distributed according to the law q(k). Starting at the position of their 
parent, the newly created particles then repeat this process independently of each other. It is 
the continuous counterpart of the branching random walk (BRW), a discrete-time multitype 
branching process where the offspring distribution of an individual at the position x is given 
by a point process 8? translated by x. As in the single-type case, the BRW is a more general 
object than the BBM, because the discrete skeleton of a branching Brownian motion is itself 



In losing generality, one gains in explicitness: When studying BBM one often has more 
tools at hand than for the BRW, because of the explicit calculations that are possible due 
to the Brownian motion. For example, let u(x, t) denote the probability that there exists a 
particle to the right^jof x at time t in BBM started from a single particle at the origin. The 
function u satisfies the so-called Fisher-Kolmogorov-Petrovskii-Piskounov (FKPP) equation 



where the forcing term is F(u) = /3(1 — u — /(l — u)). 

Starting with McKean |118j . this fact has been exploited many times to give precise asymp- 
totics on the law of the position of the right-most particle when the process is supercritical, 
i.e. m = ~~ l)^(^) > S3 EZJ [63] . Recently, it has also been used for the study 

of the whole point process formed by the right-most particles \53\ \TU\ \12\ ITT] 0]. Many of 
these results have later been proven for the branching random walk as well, either through 
the study of a functional equation which takes the role of ([I]) above |71| I131| \16\ l4"6] 1141] or 
using more probabilistic techniques |117| |92| [JJ [3] 1114] . 

Let us state these results precisely. Fisher [80j and Kolmogorov, Petrovskii, Piskounov 
|106| . who introduced the equation Q, already noticed that it admits travelling wave solutions, 
i.e. solutions of the form u(x, t) = (f c (x — ct) for every c > cq = y/2/3m. Furthermore, in |106| 
it is proved that under the initial condition u(x, 0) = l( x ^o); there exists a centring term m(t), 
such that u{x — m(t),t) — > cp CQ and m{t) ~ cot as t — > oo. Together with tail estimates on the 
travelling wave, this implies a law of large numbers for the position of the right-most particle in 
BBM0 The next order of the centring term m(t) was then studied first by McKean [118], who 
provided the estimate m(t) < c$t — l/(2co) logt and then by Bramson |45] . who established 
almost fifty years after the discoverers of ([TJ that one could choose m(t) = c$t — 3/(2co) logi, 
a result which stimulated a wealth of research. 

Travelling waves. The fact that (semi-linear) parabolic differential equations could de- 
scribe wave-like phenomena has aroused great interest and spurred a lot of research, which is 
now a central pillar of the theory of parabolic differential equations (see for example |13[ 1139] ) 
and has also been discussed to a great extent in the physics literature (see |138] for an ex- 
haustive account). The FKPP equation has a central place in this theory and is considered 
to be a basic prototype. 

Since the beginning of the 1990's, physicists have been especially interested in the effect 
of noise on wave propagation. The types of noise that one considers are mainly multiplicative 
white noise and discretisation of the wave profile (for an exhaustive list of references on this 
subject, see |124] ). The rationale behind the latter is that real-life systems consisting of a 
finite number of parts are only approximately described by differential equations such as ([!]). 
For example, in the original work of Fisher [80J, the function u(x, t) describes the proportion of 

4. For a, b e R, we say that a is to the right of b if a > b. 

5. An equivalent result for the BRW has been proven by Biggins [291 ,30', after more restrictive versions by 
Hammersley [85] and Kingman [103] . 



a BRW. 




(1) 
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an advantageous gene among a population in a one-dimensional habitat (such as a coast-line). 
In a population of size N, it can therefore "in reality" only take values which are multiples of 
A -1 . Discretisation therefore corresponds to "internal" noise of the system. A multiplicative 
white noise on the other hand models an external noise |52| . 

During the 90's, there were several studies which noticed that such a noise had a tremen- 
dous effect on the wave speed, causing a significant slowdown of the wave (see for example 
|48j). This was then brilliantly analysed by Brunet and Derrida [50J, who introduced the 
cutoff equation, which is obtained by multiplying the forcing term F(u) in ([I]) by l( u ^jv-i). 
They found the solutions to this equation to have a wave speed slower than the original one by 
a difference of the order of log -2 N and verified this numerically [51] for an A-particle model, 
where each particle of generation n + 1 chooses two parents uniformly from level n, takes the 
maximum of both positions and adds a noise term. But they did not stop there: In later 
works, with coauthors, they studied the fluctuations of such microscopic systems of "FKPP 
type" and developed an axiomatic phenomenological theory of fluctuating FKPP fronts which 
permits to describe the fluctuations of those systems. Among them, they proposed the par- 
ticle system we call the 7V-BRW [58J: At each time step, the particles reproduce as in the 
BRW, but only the N right-most particles are kept, the others being removed from the sys- 
tem. This can be seen as a kind of selection mechanism, which has an obvious biological 
interpretation: If one interprets the position of an individual as the value of its "fitness" [57] . 
i.e. a measure of how well the individual is adapted to an environment, then killing all but 
the A right-most particles at each step is a toy model for natural selection, a key concept of 
Darwinian evolution. 

Further applications of BRW and BBM. Besides their role as prototypes of travelling 
waves, BRW and BBM have many other applications or interpretations, mainly because of 
their tree structure. For example, the BRW can be seen as a directed polymer on a disordered 
tree [74] and more generally as an infinite-dimensional version of the Generalised Random 
Energy Model (GREM) |72[ 143], It also plays an important role in the study of the Gaussian 
Free Field on a 2D lattice box [38l EH E9] E] . On a more basic level, BRW and BBM have 
been used as models for the ecological spread of a population or of a mutant allele inside a 
population |132[ 1120] 1133] . especially in the multidimensional setting, which has been studied 
at least since [31]. Finally, a fascinating application of the BRW appears in the proof by 
Benjamini and Schramm that every graph with positive Cheeger constant contains a tree 
with positive Cheeger constant [19] . 

Results 

We now come to the results obtained in this thesis on branching Brownian motion with 
selection. As before, by selection we mean the process of killing particles, which can be 
interpreted as the effect of natural selection on a population, but should rather be viewed in 
the more global framework of fronts under the effect of noise. We will concentrate on two 
selection mechanisms: 

BBM with absorption. Here, we absorb the particles at the space-time line y = —x + ct, i.e. 

as soon as a particle hits this line (a.k.a. the barrier), it is killed immediately. This 

process is studied in Chapter [T] 
A-BBM. This is the continuous version of the 7V-BRW described above: Particles evolve 

according to branching Brownian motion and as soon as the number of particles exceeds 

N, we kill the left-most particles, such that only the A right-most remain. This process 

is studied in Chapter [2] 
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In the next two paragraphs we describe the results we have obtained for those two models 
and place them into the context of the existing literature. 

Notational convention. We assume from now on that the branching rate satisfies (3 = 
/3q = l/{2m), such that cq = *>j2f3m = 1. On can always reduce the situation to this case 
by rescaling time and/or space. This choice of parameters will also be made in Chapter [2] 
However, in Chapter [T] we will set j3 to 1, the reason being that it is based on the article |115j 
which was accepted for publication before the submission of this thesis and where this choice 
of parameters was made. 

BBM with absorption. The study of branching diffusions with absorption goes back at 
least to Sevast'yanov |134] . who studied the case of absorption at the border of a bounded 
domain. Watanabc [140J considered branching diffusions in arbitrary domains under the 
condition that the probability of ultimate survival is positive. Kesten [102J was the first 
to consider the special case of one-dimensional BBM with absorption at a linear boundary: 
Starting with a single particle at x > 0, he gives a constant drift — c to the particles and kills 
them as soon as they hit the origin. He proves that the process gets extinct almost surely 
if and only c > 1 and provides detailed asymptotics for the number of particles in a given 
interval and for the probability that the system gets extinct before the time t in the critical 
case c = 1. 

The work of Neveu [123J in the case c ^ 1, where the process gets extinct almost surely is 
of utmost importance to us. He made the simple but crucial observation that if one starts with 
one particle at the origin and absorbs particles at —x, then the process (Z x ) x ^>q, where Z x 
denotes the number of particles absorbed at —x, is a continuous-time Galton-Watson process 
(note that space becomes time for the process (Z x ) x ^q). This fact comes from the strong 
branching property, which says that the particles absorbed at — x each spawn independent 
branching Brownian motions, a fact that has been formalised and proven by Chauvin |61| 
using the concept of stopping lines. 

In the last two decades, there has been renewed interest in BBM and BRW with absorption 
and among the many articles on this subject we mention the article [34], in which the criterion 
for almost sure extinction is established for the BRW, the articles by Biggins and Kyprianou 
|32^ [33| 1108] . who use it to study the system without absorption, the work [87J which studies 
"one-sided travelling waves" of the FKPP equation, and the articles [T2E1 173 1 l83ll2Tj \6\ [22] 
which study the survival probability at or near the critical drift. 

But let us get back to Neveu [123] and to the continuous-time Galton-Watson process 
{Z x ) X i>o- Neveu observed the maybe surprising fact that in the case of critical drift c = 1, 
this process does not satisfy the conditions of the Kesten-Stigum theorem and that indeed 
xe~ x Z x converges as x — > oo to a non-degenerate limit W. 

This fact has recently aroused interest because of David Aldous' conjecture [7] that this 
result was true for the BRW as well. Specifically, he conjectured that E[ZlogZ] = oo, where 
Z denotes the number of particles in branching random walk with critical drift that cross the 
origin for the first time[^] Moreover, Aldous conjectured that in the case c > 1, the variable 
Z had a power-law tail. 

Aldous formulated its conjecture after Pemantle had already provided an incomplete proof 
[127] in the Bernoulli case, based on singularity analysis of the generating function of Z. A 
complete proof in the case c = 1 was then given by Addario-Berry and Broutin [1] for general 
reproduction laws satisfying a mild integrability assumption. A'idekon [2] further refined the 

6. Aldous was actually interested in the total progeny of the process, but this question is equivalent, see 
[51 Lemma 2]. 
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results in the case of 6-ary trees by showing that there are positive constants p, C\, C2, such 
that for every x > 0, we have 

CixeP* . C 2 xeP x c , 

< r{N x > n) < — ttt for large n. 



n(logn) 2 n(logn) 2 

In Chapter [TJ we prove a precise refinement of this result in the case of branching Brownian 
motion. Specifically, we prove the following: 

Theorem. Assume that the reproduction law admits exponential moments, i.e. that the radius 
of convergence of the power series Xifc^o^W^ * s 9 rea t er than 1. 

— In the critical speed area (c = 1), as n — > 00 7 

xe x 

P(Z X = 5n + 1) ~ for each x > 0. 

on z (log n) z 

— In the subcritical speed area (c > 1) there exists a constant K = K(c, f) > 0, such that, 
as n — > oo 7 

e X c x _ e X c x j£ 



P(Z X = 6n + 1) ~ — = /or each x > 0, 



where X c < X c are the two roots of the quadratic equation X 2 — 2cX + 1 = 0, d = X c /X c 
and 5 = gcd{/c : q(k + 1) > 0} if q(0) = and 5 = 1 otherwise. 

The proof of this theorem is inspired by Pemantle's incomplete proof mentioned above, in 
that it determines asymptotics on the generating function of Z x near its singularity 1, which 
can be exploited to give the above asymptotics. The analysis of the generating function is 
made possible through a link between travelling waves of the FKPP equation and a classical 
differential equation in the complex domain, the Briot-Bouquet equation. We will not go 
further into details here but instead refer to Chapter [T] 

If the reproduction law does not admit exponential moments, we can nevertheless apply 
Tauberian theorems to obtain the following result in the critical case: 

Theorem. Let c = 1 and assume that J] q(k)k log 2 k < 00. Then we have as n — > co, 

xe x 

P(Z X > n) ~ — for each x > 0. 

n(log n) z 

We further mention that A'idekon, Hu and Zindy [5\ have recently proven these facts 
for the BRW without any (complex) analytical arguments and under even better moment 
conditions in the case c > 1. 



The iV-BBM. We now turn to the main part of this thesis: The study of the iV-BBM. We 
have already outlined before the role that it takes as a prototype of a travelling wave with 
noise and will now present the heuristic picture obtained by Brunet, Derrida, Mueller and 
Munier |56l|58|. 

We recall the model: N particles diffuse according to Brownian motions and branch at 
rate Pq into a random number of particles given by the reproduction law q{k). As soon as 
the number of particles exceeds N, only the N right-most particles are kept and the others 
are immediately killed. This gives a cloud of particles, moving to the right with a certain 
speed vn < 1 and fluctuating around its mean. See Figure [T] at the end of the introduction 
for simulations. The authors of [56] provide detailed quantitative heuristics to describe this 
behaviour: 
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Most of the time, the particles are in a meta-stable state. In this state, the diameter 
of the cloud of particles (also called the front) is approximately logiV, the empirical 
density of the particles proportional to e~ x sin(-7rx/log N), and the system moves at a 
linear speed v cu toff = 1 — 7r 2 /(2 log 2 A). This is the description provided by the cutoff 
approximation from |50| mentioned above. 

This meta-stable state is perturbed from time to time by particles moving far to the 
right and thus spawning a large number of descendants, causing a shift of the front to 
the right after a relaxation time which is of the order of log 2 N. To make this precise, 
we fix a point in the bulk, for example the barycentre of the cloud of particles, and shift 
our coordinate system such that this point becomes its origin. Playing with the initial 
conditions of the FKPP equation with cutoff, the authors of |56] find that a particle 
moving up to the point log N + x causes a shift of the front by 

A = log(l ( "' 



log 6 N 



for some constant C > 0. In particular, in order to have an effect on the position of the 
front, a particle has to reach a point near log N + 3 log log A. 

Assuming that such an event where a particle "escapes" to the point log N + x happens 
with rate Ce~ x , one sees that the time it takes for a particle to come close to log A + 
3 log log N (and thus causing shifts of the front) is of the order of log 3 A » log 2 A. 

With this information, the full statistics of the position of the front (i.e. the speed vn 
and the cumulants of order n ^ 2) are found to be 



jz 3 log log A 
[n-th cumulant] 7r 2 n!£(ra) 



VN - ^cutoff * 71" — , q- 

log 6 N 



(2) 



t log 3 N 

where £ denotes the Riemann zeta-function. 



n > 2, 



In another paper |57], the same authors introduce a related model, called the exponential 
model. This is a BRW, where an individual at position x has an infinite number of descendants 
distributed according to a Poisson process of intensity e x ~ y dy. Again, at every step, only 
the A right-most particles are kept. This model has some translational invariance properties 
which render it exactly solvable. Besides asymptotics on the speed of this system and the 
fluctuations, the authors of |57j then show that the genealogy of this system converges to the 
celebrated Bolthausen-Sznitman coalescent]^] This gives first insight into the fact that the 
genealogy of the A-BBM apparently converges to the same coalescent process, a fact that has 
been observed by numerical simulations |58| [59] . 

Despite (or because of) the simplicity of the A-BBM, it is very difficult to analyse it 
rigorously, because of the strong interaction between the particles, the impossibility to describe 
it exactly through differential equations and the fact that the shifts in the position of the 
system do not occur instantaneously but gradually over the fairly large timescale log 2 A. For 
this reason, there have been few rigorous results on the A-BBM or the A-BRW: Berard and 
Gouere |20| prove the log 2 A correction of the linear speed of A-BRW in the binary branching 
case, thereby showing the validity of the approximation by a deterministic travelling wave 
with cutoff. Durrett and Remenik [76j study the empirical distribution of A-BRW and show 



7. The Bolthausen-Sznitman coalescent |40| is a process on the partitions of N, in which a proportion p of 
the blocks merge to a single one at rate p~ 2 dp. See |26| and |24j for an introduction to coalescent processes. 
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that it converges as N goes to infinity but time is fixed to a system of integro-differential 
equations with a moving boundary. Recently, Comets, Quastel and Ramirez [65j studied a 
particle system expected to exhibit similar behaviour than the exponential model and show 
in particular that its recentred position converges to a totally asymmetric Cauchy process. 

In [56] . the authors already had the idea of approximating the iV-BBM by BBM with 
absorption at a linear barrier with the weakly subcritical slope v^. This idea was then used 
with success in |20| for the proof of the cutoff-correction to the speed of the iV-BRW, relying 
on a result |83] about the survival probability of BRW with absorption at such a barrier and 
a result by Pemantle about the number of nearly optimal paths in a binary tree |128j . In 
the same vein, Berestycki, Berestycki and Schweinsberg [23] studied the genealogy of BBM 
with absorption at this barrier and found that it converges at the log 3 N timescale to the 
Bolthausen-Sznitman coalescent, as predicted. In Chapter [2] of this thesis, we build upon 
their analysis in order to study the position of the A^-BBM itself. The results that we prove 
are summarised in the following theorem, which confirms ^ (see Theorem |1.1| of Chapter [2] 
for a complete statement). 

Theorem. Let X^{t) denote the position of the \N/2]-th particle from the right in N-BBM. 
Then under "good" initial conditions, the finite- dimensional distributions of the process 

{X N {t\og z N) -v N tlog 3 N) &Q 

converge weakly as N — > oo to those of the Levy process (Lt)t^o with 

rCO 

log£[e a(Ll - Lo) ] = iXc + ir 2 e iXx - 1 - iXxlr^x) A(dx), 

Jo 

where A is the image of the measure {x~ 2 lf x> Q\)dx by the map x t— > log(l + x) and c e R is 
a constant depending only on the reproduction law q(k). 

In order to prove this result, we approximate the A r -BBM by BBM with absorption at a 
random barrier instead of a linear one, a process which we call the B-BBM ("B" stands for 
"barrier"). This random barrier has the property that the number of individuals stays almost 
constant during a time of order log 3 N. We then couple the A^-BBM with two variants of 
the B-BBM, the B b -BBM and the B"-BBM, which in a certain sense bound the N-BBM from 
below and from above, respectively. For further details about the idea of the proof, we refer 
to Section [T] in Chapter [2] 

Stable point processes occurring in branching Brownian motion. This paragraph 
describes the content of Chapter [3j which is independent from the first two and has nothing to 
do with selection. It concerns the extremal particles in BBM and BRW without selection, i.e. 
the particles which are near the right-most. The study of these particles has been initiated 
again by Brunet and Derrida [53], who gave arguments for the following fact: The point 
process formed by the particles of BBM at time t, shifted to the left by m(t) = t — 3/2 log t, 
converges as t — > go to a point process Z which has the "superposability" property: the 
union of Z translated by e a and Z' translated by e@ has the same law as Z, where Z' is an 
independent copy of Z and e a + e 13 = 1. Moreover, they conjectured that this process, and 
possibly every process with the previous property, could be represented as a Poisson process 
with intensity e~ x dx, decorated by an auxiliary point process D, i.e. each point £j of the 
Poisson process is replaced by an independent copy of D translated by £j. 

In Chapter [3] we show that the "superposability" property has a classical interpretation in 
terms of stable point processes, pointed out to us by Ilya Molchanov, and the above-mentioned 
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representation is known in this field as the LePage series representation of a stable point 
process. We furthermore give a short proof of this representation using only the theory of 
infinitely divisible random measures. For the BBM and BRW, the convergence of the ex- 
tremal particles to such a process was proven by Arguin, Bovier, Kistler |10U12[ [TT|. A'idekon, 
Berestycki, Brunet, Shi [3] and Madaule |114| . Kabluchko [98] also has an interesting result 
for BRW started with an infinite number of particles distributed with density e~ cx dx, with 
c > 1, which corresponds to travelling waves of speed larger than 1. 

Conclusion and open problems 

In this thesis, we have studied two models of branching Brownian motion with selection: 
the BBM with absorption at a linear barrier and the A-BBM. For the first model, we have 
given precise asymptotics on the number of absorbed particles in the case where the process 
gets extinct almost surely. For the second model, the study of which represents the major part 
of the thesis, we have shown that the recentred position of the particle system converges at 
the time-scale log 3 A to a Levy process which is given explicitly. Finally, in the last chapter, 
we have pointed out a relation between the extremal particles of BBM and BRW and stable 
point processes. 

The study of the A-BBM constitutes an important step in the understanding of general 
fluctuating wave fronts, whose phenomenology is believed to be the same in many cases [56] . 
Furthermore, it is a natural and intricate example of a selection mechanism for BBM and 
BRW and an intuitive model of a population under natural selection. 

We have not considered models of BBM with selection with density-dependent selection, 
i.e. where particles get killed with a rate depending on the number of particles in their neigh- 
bourhood. This kind of selection is indeed the most relevant for applications in ecology and 
has appeared in the literature mostly as branching-coalescing particle systems (see for exam- 
ple |136| I135[ [T8l I125[ [T5| 115]) ■ but also as systems with a continuous self-regulating density 
|137| 184] . However, although we have not directly considered this type of selection mecha- 
nism, the .A-BBM is closely related to a particular case: Suppose particles perform BBM 
and furthermore coalesce at rate e when they meet (i.e. let two particles coalesce when their 
intersection local time is equal to an independent exponential variable of parameter e). Shiga 
[135J showed that this system is in duality with the noisy FKPP equation 



where W is space-time white noise. This equation admits "travelling wave" solutions whose 
wave speed equals the speed of the right-most particle of the branching-coalescing Brownian 
motion (BCBM) [121J. Now, following the argumentation in |121j . the invariant measures of 
the BCBM are the Poisson process of intensity e _1 and the configuration of no particles, the 
first being stable and the second unstable. Hence, if one looks at the right-most particles in 
the BCBM, they will ultimately form a wave-like profile with particles to the left of this wave 
distributed with a density e^ 1 . We have thus a similar picture than in the A-BBM, in that 
when particles get to the left of the front, they get killed quickly, in this case approximately 
with rate 1 instead of instantaneously. If e is small, this does not make a difference because 
the typical diameter of the front goes to infinity as e — > 0. It is therefore plausible that our 
results about the A-BBM can be transferred to the BCBM and thus to the noisy FKPP 
equation Indeed, Mueller, Mytnik and Quastel |121| have showed that the wave speed of 
solutions to ([3| is approximately vn (although they still have an error of 0(loglog .A/ log 3 A), 
where A = e _1 ). 




18 



Introduction 



In what follows, we will outline several other open problems, mostly concerning the N- 
BBM. 

Speed of the iV-BBM. If the reproduction law satisfies g(0) = 0, then the speed of the 
system is the constant v^, such that X^{t)/t — > v*^ as t — * oo, where Xjv(t) is again the 
position of the [iV/2]-th particle from the right in A-BBM. It has been shown |20| for the 
BRW with binary branching that this speed exists and it is not difficult to extend their proof 
to the BBM. Now, although our result about the position of the A-BBM describes quite 
precisely the fluctuations at the timescale log 3 A it tells us nothing about the behaviour of 
the system as time gets arbitrarily large. A priori, it could be possible that funny things 
happen at larger timescales, which lead to stronger fluctuations or a different speed of the 
system. In their proof |20| of the cutoff correction for the speed, Berard and Gouere had 
to consider in fact timescales up to log 5 A. It is therefore an open problem to prove that 
V N = V N + c' + o(log -3 N) for some constant d e R and that the cumulants scale as in ^ as 
t — ► oo, which we conjecture to be true. 

Empirical measure of the iV-BBM. Let Uq (t) be the empirical measure of the particles 
at time t in A-BBM seen from the left-most particle. Durrett and Remenik [76j show (for 
BRW) that the process (N^ 1 ^ (i))t 6 R is ergodic and therefore has an invariant probability 
tt n and furthermore converges as N — > oo in law to a deterministic measure-valued process 
whose density with respect to Lebesgue measure solves a free boundary integro-differential 
equation. Our result on the A-BBM and those prior to our work |50[ l56j [23] suggest that 
the 7r N should converge, as A — > oo, to the Dirac measure concentrated on the measure 
xe~ x l x ^odx. If one was to prove this, the methods of |76| . which are essentially based on 
Gronwall's inequality, would not directly apply, since they only work for timescales of at most 
logiV. On the other hand, our technique of the coupling with BBM with absorption has 
fairly restrictive requirements on the initial configuration of the particles. A method of proof 
would therefore be to show that these requirements are met after a certain time for any initial 
configuration and then couple the processes. 

The genealogy of the iV-BBM. As mentioned above, the genealogy of the iV-BBM is 
expected to converge at the timescale log 3 ./V to the Bolthausen-Sznitman coalescent as A 
goes to infinity. A step towards this conjecture is the article |23j . in which the authors show 
that this convergence holds for BBM with absorption at a weakly subcritical barrier; it should 
be easy to extend their arguments for the B-BBM defined in Section[7]of Chapter [2] However, 
this would not be enough, since the monotone coupling we use to couple the A-BBM with 
the B-BBM (or rather its var iants B^-BBM and BS-BBM) does not preserve the genealogical 
structure of the process. More work is therefore required to prove the conjecture for the 
A-BBM. 

The A-BRW. It should be possible to transfer the results obtained here for the A-BBM 
to the A-BRW, as long as the displacements have exponential right tails and the number 
of offspring of a particle has finite variance, say. Naturally, this would require a lot more 
work because of the lack of explicit expressions for the density of the particles; one can 
wonder whether this work would be worth it. However, it would be interesting to consider 
cases where one could get different behaviour than for the A-BBM, such as subexponentially 
decaying right tails of the displacements or models where particles have an infinite number of 
children, as in the exponential model. Another possible point of attack in the same direction 
would be to make rigorous for the A-BBM the findings in |55j . In that article, the authors 
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weight the process by an exponential weight e pRN ^\ where -Rjv(£) is the position of the right- 
most particle at time t, and obtain thus a one-parameter family of coalescent processes as 
genealogies. 

Superprocesses. If one considers iV independent BBMs with weakly supercritical repro- 
duction (i.e. m = a/N for some constant a > 0), gives the mass N^ 1 to each individual and 
rescales time by N and space by iV _1 , then one obtains in the limit a (supercritical) superpro- 
cess, such as the Dawson- Watanabe process in the case that the variance of the reproduction 
law is finite (see |77| for a gentle introduction to superprocesses). One may wonder whether 
the results obtained in this thesis have analogues in that setting. This is true for the results 
obtained in Chapter [Tj as shown in |110| . in which the authors indeed transfer the results di- 
rectly via the so-called backbone decomposition of the superprocess [109] . As for an analogue 
of the iV-BBM: one could consider a similar model of a superprocess whose mass is kept below 
N by stripping off some mass to the left as soon as the total mass exceeds N. It is possible 
that this process then exhibits similar fluctuations, which could again be related to those of 
the iV-BBM by the backbone decomposition. 
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Figure 1: Simulation of the iV-BRW with (from top to bottom) N = 10 10 , N = 10 30 and 
N = 10 60 particles (particles branch at each time step with probability 0.05 into two and jump 
one step to the right with probability 0.25). The graphs show the barycentre of the particles 
recentred roughly around vpft (because of the slow convergence, small linear correction terms 
had to be added in order to fit the graphs into the rectangles). The horizontal axis shows 
time (at the scale log 3 iV), the vertical axis shows the position of the barycentre (without 
rescaling) . 
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Chapter 1 

The number of absorbed individuals 
in branching Brownian motion with a 
barrier 



This chapter is based on the article |1 15] . 



1 Introduction 

We recall the definition of branching Brownian motion mentioned already in the intro- 
ductory chapter: Starting with an initial individual sitting at the origin of the real line, this 
individual moves according to a 1-dimensional Brownian motion with drift c until an inde- 
pendent exponentially distributed time with rate 1. At that moment it dies and produces 
L (identical) offspring, L being a random variable taking values in the non-negative integers 
with P{L = 1) = 0. Starting from the position at which its parent has died, each child repeats 
this process, all independently of one another and of their parent. For a rigorous definition of 
this process, see for example |94| or |61j . 

We assume that m = E[L] — 1 e (0, oo), which means that the process is supercritical. At 
position x > 0, we add an absorbing barrier, i.e. individuals hitting the barrier are instantly 
killed without producing offspring. Kesten proved [102] that this process becomes extinct 
almost surely if and only if the drift c ^ cq = \/2m (he actually needed E[L 2 ] < oo for the 
"only if" part, but we are going to prove that the statement holds in general). Neveu |123] 
showed that the process Z = {Z x ) x ^,q is a continuous-time Galton-Watson process of finite 
expectation, but with E[Z X log + Z x ] = oo for every x > 0, if c = cq. 

Let N = {1, 2, 3, . . .} and No = {0} u N. Define the infinitesimal transition rates (see 
p. 104, Equation (6) or [89J, p. 95) 

q n = lim -P{Z X =n), n e N \{1}. 

x\0 X 

We propose a refinement of Neveu's result: 

Theorem 1.1. Let c = Co and assume that E[L(log L) 2 ] < oo. Then we have as n — > oo, 



E 



CO -n/r, CQXe 



Ik ~ — t; r?7 and P(Z X > n) ~ — -77 for each x > 0. 

n{\ogn) z n{iogn) z 



k=n 

The heavy tail of Z x suggests that its generating function is amenable to singularity 
analysis in the sense of [81] . This is in fact the case in both the critical and subcritical cases if 
we impose a stronger condition upon the offspring distribution and leads to the next theorem. 



Chapter 1. Number of absorbed individuals in branching Brownian motion with a barrier 



Define /(s) = the generating function of the offspring distribution. Denote by 5 the 

span of L — 1, i.e. the greatest positive integer, such that L — 1 is concentrated on 5Z. Let 
A c ^ A c be the two roots of the quadratic equation A 2 — 2cA + Cq = and denote by d = ^ 
the ratio of the two roots. Note that c = cq if and only if A c = A c if and only if d = 1. 

Theorem 1.2. Assume that the law of L admits exponential moments, i.e. that the radius of 
convergence of the power series E[s ] is greater than 1. 
— In the critical speed area (c = cq), as n — > go, 



5n+l 



arid P(Z X = 5n + 1) ~ /or eac/i x > 0. 



<5ra 2 (logn) 2 1 <5n 2 (logn) 2 

— In i/ie subcritical speed area (c > Co) i/iere exists a constant K = K(c, f) > 0, such that, 
as n — > cc, 

j£ e X c x _ e X c x j£ 

qsn+i ttt and P{Z X = 5n + 1) == -r-r for each x > 0. 

n d+i A c — A c n 

Furthermore, qs n +k = P{Z X = 5n + k) = for all n e Z anc? fee {2, ... ,5}. 

Remark 1.3. The idea of using singularity analysis for the study of Z x comes from Robin 
Pemantle's (unfinished) manuscript |127j about branching random walks with Bernoulli re- 
production. 

Remark 1.4. Since the coefficients of the power series are real and non-negative, Pring- 

sheim's theorem (see e.g. (82], Theorem IV. 6, p. 240) entails that the assumption in Theorem 



1.2 is verified if and only if /(s) is analytic at 1. 



Remark 1.5. Let (5 > and a > 0. We consider a more general branching Brownian motion 
with branching rate given by /3 and the drift and variance of the Brownian motion given by c 
and a 2 , respectively. Call this process the (/3, c, cr)-BBM (the reproduction is still governed by 
the law of L, which is fixed). In this terminology, the process described at the beginning of this 
section is the (1, c, 1)-BBM. The (/3, c, <t)-BBM can be obtained from (1, c/(a^), 1)-BBM by 
rescaling time by a factor f3 and space by a factor ojyffi. Therefore, if we add an absorbing 
barrier at the point x > 0, the (/3, c, o")-BBM gets extinct a.s. if and only if c > cq = a\/2(3m. 
Moreover, if we denote by Z x ^ ,c '°^ the number of particles absorbed at x, we obtain that 

(4^' C,<T) )^0 and (^^'^.o are equal in law. 

In particular, if we denote the infinitesimal transition rates of (Z x ^' c ' a ^) x ^o by q^' c ' a \ for 
n e No\{l}, then we have 

= l\m-P(z^ = n) = ^ lim -^=p( = n) = ^(WW/?),i). 



One therefore easily checks that the statements of Theorems 1.1 and 1.2 are still valid for 
arbitrary f3 > and a > 0, provided that one replaces the constants cq, X c , X c , K by Co/a 2 , 
X c /a 2 , X~ c /a 2 , &K{c/{ayft)J), respectively. 

The content of the paper is organised as follows: In Section [2] we derive some preliminary 
results by probabilistic means. In Section [3j we recall a known relation between Z x and the 
so-called Fisher-Kolmogorov-Petrovskii-Piskounov (FKPP) equation. Section [4] is devoted 
to the proof of Theorem |1.1| which draws on a Tauberian theorem and known asymptotics 
of travelling wave solutions to the FKPP equation. In Section [5] we review results about 
complex differential equations, singularity analysis of generating functions and continuous- 
time Galton- Watson processes. Those are needed for the proof of Theorem 1.2 which is done 
in Section [6] 
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2 First results by probabilistic methods 

The goal of this section is to prove 

Proposition 2.1. Assume c > cq and E[L 2 ] < oo. There exists a constant C = C(x,c,L) > 
0, such that 

C 

P{Z X > n) > — j for large n. 

This result is needed to assure that the constant K in Theorem 11,21 is non-zero. It is 
independent from Sections [3] and [4] and in particular from Theorem Its proof is entirely 
probabilistic and follows closely |2j. 

2.1 Notation and preliminary remarks 

Our notation borrows from [108] . An individual is an element in the space of Ulam-Harris 
labels 

u= y if, 

neNo 

which is endowed with the ordering relations < and < defined by 

u < v 3w e U : v = uw and u < v <^^> u < v and u v. 

The space of Galton-Watson trees is the space of subsets t c U, such that e t, v e t if 
v < u and net and for every u there is a number L u e No, such that for all j e N, uj e t if 
and only if j ^ L u . Thus, L u is the number of children of the individual u. 

Branching Brownian motion is defined on the filtered probability space (T, J^", (^t),P). 
Here, 7" is the space of Galton-Watson trees with each individual wet having a mark 
(( U ,X U ) e R + x Z?(R + ,R u {A}), where A is a cemetery symbol and D(R + ,R u {A}) 
denotes the Skorokhod space of cadlag functions from R + to R u {A}. Here, £ u denotes the 
life length and X u {t) the position of u at time t, or of its ancestor that was alive at time t. 
More precisely, for vet, let d v = Yj w<v Cw denote the time of death and b v = d v — (, v the 
time of birth of v. Then X u (t) = A for t ^ d u and if v < u is such that t e [b v ,d v ), then 
X u (t) = X v (t). 

The sigma-field j^j contains all the information up to time t, and & = a (Ut>o ^t)- 
Let y, c e R and L be some random variable taking values in No\{l}. P = P y,c ' L is the 
unique probability measure, such that, starting with a single individual at the point y, 

— each individual moves according to a Brownian motion with drift c until an independent 
time ( u following an exponential distribution with parameter 1. 

— At the time Cu the individual dies and leaves L u offspring at the position where it has 
died, with L u being an independent copy of L. 

— Each child of u repeats this process, all independently of one another and of the past of 
the process. 

Note that often c and L are regarded as fixed and y as variable. In this case, the notation P y 
is used. In the same way, expectation with respect to P is denoted by E or E y . 

A common technique in branching processes since [113J is to enhance the space T by 
selecting an infinite genealogical line of descent from the ancestor 0, called the spine. More 
precisely, if T e T and t its underlying Galton-Watson tree, then £ = (£o, £i, £2, • ■ ■) e ^ s 
a spine of T if £0 = anci f° r every n e No, £n+i is a child of £ n in t. This gives the space 

f = {(T, £) e T x [/ No : £ is a spine of T} 
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of marked trees with spine and the sigma- fields and Note that if (T, £) e T, then T is 
necessarily infinite. 

Assume from now on that m = E[L] — 1 e (0, oo). Let Nt be the set of individuals alive 
at time t. Note that every j^t-measurable function / : T —* R admits a representation 

f(T,0 = J] f u {T)l uei , 

ueN t 

where f u is an ^-measurable function for every u e U. We can therefore define a measure P 
on {f by 

f /dP = e- m * f V f u (T)P(dT). (2.1) 
J r JT ueNt 

It is known |108j that this definition is sound and that P is actually a probability measure 
with the following properties: 

— Under P, the individuals on the spine move according to Brownian motion with drift c 
and die at an accelerated rate m + 1, independent of the motion. 

— When an individual on the spine dies, it leaves a random number of offspring at the 
point where it has died, this number following the size-biased distribution of L. In other 
words, let L be a random variable with E[f(L)] = E[f(L)L/(m + 1)] for every positive 
measurable function /. Then the number of offspring is an independent copy of L. 

— Amongst those offspring, the next individual on the spine is chosen uniformly. This 
individual repeats the behaviour of its parent. 

— The other offspring initiate branching Brownian motions according to the law P. 



Seen as an equation rather than a definition, (2.1) also goes by the name of "many-to-one 
lemma". 



2.2 Branching Brownian motion with two barriers 

We recall the notation P y from the previous subsection for the law of branching Brownian 
motion started at y e R and E y the expectation with respect to P y . Recall the definition of 
P and define P v and E y analogously. 

Let a,i e R such that y e (a, b). Let r = r a) b be the (random) set of those individuals 
whose paths enter (— oo, a] u [b, oo) and all of whose ancestors' paths have stayed inside (a, b). 
For u e r we denote by t{u) the first exit time from (a, b) by u's path, i.e. 

t(u) = inf{i ^ : X u {t) $ (a, b)} = min{£ ^ : X u {t) e {a, 6}}, 

and set r(u) = oo for u ^ r. The random set r is an (optional) stopping line in the sense of 

For u e r, define X u (t) = X u (t(u)). Denote by Z a ^ the number of individuals leaving 
the interval (a, b) at the point a, i.e. 

Za,b = Yj 1 X u (r)=a- 

Lemma 2.2. Assume \c\ > cq and define p = a/c 2 — Cq. Then 
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//, furthermore, V = E[L(L — 1)] < oo, then 

2 y e c(a-y) 



psinh ((6 — a)p) 



rv 

sinh((b — y)p) e c ( a ^ r ) sinh 2 ((6 — r)p) sinh((r — a)p) dr 

Ja 
rb 

sinh((y - a)p)\ e c(a ~ r) sinh 3 ((6 - r)p) dr + E y [Z a ^. 



Proof. On the space T of marked trees with spine, define the random variable I by / = i if 
(iET and I = cc otherwise. For an event A and a random variable Y write E[Y, A] instead 
of E[Y1 A ]. Then 

Ey[Z a , b ] = lx u (r)=a] = E y [e mTm ,I < = a] 

MET 

by the many-to-one lemma extended to optional stopping lines (see |33) . Lemma 14.1 for a 
discrete version). But since the spine follows Brownian motion with drift c, we have I < cc, 
P-a.s. and the above quantity is therefore equal to 

W y ' c [e mT ,B T = a], 

where W y ' c is the law of standard Brownian motion with drift c started at y, {Bt)t^o the 
canonical process and T = T a)b the first exit time from (a, b) of Bt- By Girsanov's theorem, 
and recalling that m = Cg/2, this is equal to 

w y[ e c(B T -y)-i( c *- c l)T Bt = 

where W y = W v, °. Evaluating this expression (|41j. p. 212, Formula 1.3.0.5) gives the first 
equality. 

For u e U, let Q u be the operator that maps a tree in Tto its sub-tree rooted in u. Denote 
further by C u the set of it's children, i.e. C u = {uk : 1 ^ k ^ L u }. Then note that for each 
u e t we have 

Z a ,b = 1 + X X Za > b ° ® w > 

v<u weC v 

hence 



Ey[zl b ] = Ey[J]i Xu{T)=a z a>b \ 



E y [z a , b ] + py 



,mT((j) 



X X Z a,b°®w, X^(t) 



v<£,i weL v 



(2.2) 



Define the cr-algebras 



9 = a(Xt I (t);t>0), 
J4? = &va(( v ;v<Z I ), 
l=Jt?va(Z,I, (L v ;v<b)), 

such that £f contains the information about the path of the spine up to the individual that 
quits (a, b) first, Jif adds to £f the information about the fission times on the spine and X adds 
to Jff the information about the individuals of the spine and the number of their children. 
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Now, conditioning on X and using the strong branching property, the second term in the last 



line of (2.2) is equal to 



py 



£(L. u -l)i^-)[Z Q , 6 ], X^(r) 



(recall that d v is the time of death of v). Conditioning on J4? and noting the fact that L v 
follows the size-biased law of L for an individual v on the spine, yields 



P y 



V 



Finally, since under P the fission times on the spine form a Poisson process of intensity m+ 1, 
conditioning on 5f and applying Girsanov's theorem yields 



W y 



A b t-v> 



\p 2 t { T V E B *[Z a>b ]dt,B T 
Jo 

rb 

Ve c(a-y) E r [Z a)b \W y 
J a 



e-^ 2T L r T ,B T 



dr, 



where L r T is the local time of {Bt) at the time T and the point r. The last expression can be 
evaluated explicitly ([41j, p. 215, Formula 1.3.3.8) and gives the desired equality. □ 



Corollary 2.3. Under the assumptions of Lemma 2.2, for each b > there are positive 
constants such that as a —* —cc, 

a) E°[Z a , b ] ~ C fe (1) e( c +^ ; 

b) ifo c , E°[Z 2 ab } ~ C^e^+P^ and 

c) ifc < -co, E°[Zl b ] ~ C { b 2) e 2 ^ + f) a . 

The following result is well known and is only included for completeness. We emphasize 
that the only moment assumption here is m = E[L] — 1 e (0, oo). Recall that Z x denotes the 
number of particles absorbed at x of a BBM started at the origin. For |c| ^ Co, define A c to 
be the smaller root of A 2 — 2cA + Cq, thus A c = c — -\J(? — c§. 



Lemma 2.4. Let x > 0. 

— // |c| ^ Co, then E[Z X ] = e' 

— If \c\ < cq, then E[Z X ] = +oo. 



Proof. We proceed similarly to the first part of Lemma 2.2 Define the (optional) stopping 
line r of the individuals whose paths enter [x, oo) and all of whose ancestors' paths have stayed 



inside (— oo,x). Define / as in the proof of Lemma 2.2 By the stopping line version of the 
many-to-one lemma we have 



E[Z X \ = E[Y, 1] =£[e mT «V<oo]. 



By Girsanov's theorem, this equals 

W [ e cx-U c2 -4)T^ Tx < 00 ] ) 

where W is the law of standard Brownian motion started at and T x is the first hitting time 
of x. The result now follows from |41j . p. 198, Formula 1.2.0.1. □ 
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2.3 Proof of Proposition |2.1 



By hypothesis, c > Cq, E[L 2 ] < oo and the BBM starts at the origin. Let x > and let 
t = t x be the stopping line of those individuals hitting the point x for the first time. Then 

Z x = \l~x\- 

Let a < and n e N. By the strong branching property 

P°(Z X >n)> P°(Z X > n | Z ajX > l)P°(Z a>x > 1) > P\Z X > n)P\Z ayX > 1). 

If P° denotes the law of branching Brownian motion started at the point with drift — c, 
then 

P a (Z x >n) = P°(Z a _ x >n)> P°(Z a _ xA > n). 

In order to bound this quantity we choose a = a n in such a way that n = n-E- [Za n ~ x,l] ■ By 
Corollary 2.3 a), c) (applied with drift — c) and the Paley-Zygmund inequality there is then 
a constant C\ > 0, such that 

P° (Z an _ xA >n)>- E ^f;;- X ^ > d for large n. 



Furthermore, by Corollary 2.3 a) (applied with drift — c), we have 



1 



(!) „-A c (a n -x) 



n, 



as n — > oo, 



and therefore a n = — (1/A C ) log n + 0(1). Again by the Paley-Zygmund inequality and Corol- 

n, 

C 2 



lary 2.3 a), b) (applied with drift c), there exists C% > 0, such that for large n 

,(lh2 _ 



P (Z an;X >l)-P (Z an , x > 0) > E0[ZLJ > e 



n" 



This proves the proposition with C = C1C2. 



3 The FKPP equation 

As was already observed by Neveu |123] , the translational invariance of Brownian motion 
and the strong branching property immediately imply that Z = (Z x ) x ^>q is a homogeneous 
continuous-time Galton- Watson process (for an overview to these processes, see |14| . Chap- 
ter III or [89] . Chapter V). There is therefore an infinitesimal generating function 

a(s) = a ^ p n s n - s J , a > 0, p\ = 0, (3.1) 

\n=0 / 

associated to it. It is a strictly convex function on [0,1], with a(0) ^ and a(l) ^ 0. Its 
probabilistic interpretation is 

a = lim \P{Z X 1) and p n = lim P{Z X = n\Z x 1), 

hence q n = ap n for n e No\{l}. Note that with no further conditions on c and L, the sum 
Yin^zoPn nee d not necessarily be 1, i.e. the rate apoo, where p^ = 1 — Xln^o? 5 ™' w ith which 
the process jumps to +00, may be positive. 
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We further define F x (s) = E[s Zx ], which is linked to a(s) by Kolmogorov's forward and 
backward equations (|14|. p. 106 or [89], p. 102): 

— F x (s) = a(s)—F x (s) (forward equation) (3-2) 

ox OS 

— F x (s) = a[F x (s)} (backward equation) (3-3) 

The forward equation implies that if a(l) = and (j)(x) = E[Z X ] = j^F x (l—), then (p'(x) = 
a'(l)4>(x), whence E[Z X ] = e a '^ x . On the other hand, if a(l) < 0, then the process jumps to 
oo with positive rate, hence E[Z X ] = oo for all x > 0. 

The next lemma is an extension of a result which is stated, but not proven, in |123| . 
Equation (1.1). According to Neveu, it is due to A. Joffe. To the knowledge of the author, 
no proof of this result exists in the current literature, which is why we prove it here. 

Lemma 3.1. Let (It)t^o be a homogeneous Galton-Watson process started at 1, which may 
explode and may jump to +oo with positive rate. Let u{s) be its infinitesimal generating 
function and Ft(s) = E[s *]. Let q be the smallest zero of u(s) in [0, 1]. 

1. If q < 1, then there exists t- e R u { — oo} and a strictly decreasing smooth function 
■ip- : (i_,+oo) — > (q, 1) with lim^ t _ ip- (t) = 1 and lim^ co i/'-(i) = q, such that on 
(q, 1) we have u = ip'_ o ipZ 1 , Ft(s) = ip-(ipZ 1 (s) + t). 

2. If q > 0, then there exists t + e R u {— oo} and a strictly increasing smooth function 
ip+ : (£ + ,+oo) — » (0, q) with lim^( + tp + {t) = and lim^oo ip+ (t) = q, such that on 
(0, q) we have u = ip' + o ipZ 1 , F t (s) = V'+(V'+ 1 ( S ) + 

The functions ip^ and are unique up to translation. 
Moreover, the following statements are equivalent: 

— For all t > 0, Y t < oo a.s. 

— q = \ or t- = —oo. 

Proof. We first note that u(s) > on (0, q) and u(s) < on (g, 1), since u(s) is strictly 
convex, u(0) ^ and n(l) ^ 0. Since Fq(s) = s, Kolmogorov's forward equation ( |3.2[ ) implies 
that Ft(s) is strictly increasing in t for s e (0, q) and strictly decreasing in t for s e (q, 1). 



The backward equation (3.3) implies that Ff(s) converges to q as t — > oo for every s e [0, 1). 
Repeated application of (3.3) yields that Ft(s) is a smooth function of t for every s e [0, 1]. 

Now assume that q < 1. For n e N set s n = 1 — 2~™(1 — q), such that q < s\ < 1, 
s n < s n+i an d s n — > 1 as n — > oo. Set t\ = and define t n recursively by 

t n+ i = t n — t' , where t' > is such that F t /(s n+ i) = s n . 

Then (t n ) nS N is a decreasing sequence and thus has a limit t- e R u {— oo}. We now define 
for t e (t-, +oo), 

^_(t) = F t _t„(a n ), ift>t n . 
The function ip- is well defined, since for every n e N and t ^ t n , 

Ft-t„(s n ) = F t _ tn (F tn _ tn+1 (s n+ i)) = F t - tn+1 (s n+ i), 

by the branching property. The same argument shows us that if s e (q, 1), s n > s and t' > 
such that Ftf(sn) = s, then Ft(s) = Ft+t'(s n ) = ip-{t + t' + t n ) for all t ^ 0. In particular, 
ip-(t' + t n ) = s, hence Ft(s) = V ; -(V J - 1 ( S ) + The backward equation (3.3) now gives 



^) = |^)| t=0 =^(^ 1 (^))- 
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The second part concerning ip + is proven completely analogously. Uniqueness up to translation 
of -0_ and tp + is obvious from the requirement ^(t/i (s) + t) = Ft(s), where ip is either ip- 
or ip + . 

For the last statement, note that P(Yt < oo) = 1 for all t > if and only if Ft(l— ) = 1 
for all t > 0. But this is the case exactly if q = 1 or t_ = — oo. □ 

The following proposition shows that the functions 0_ and ip + corresponding to {Z x ) x ^,q 
are so-called travelling wave solutions of a reaction-diffusion equation called the Fisher-Kolmo- 
gorov-Petrovskii-Piskounov (FKPP) equation. This should not be regarded as a new result, 
since Neveu Q123J, Proposition 3) proved it already for the case c ^ cq and L = 2 a.s. (dyadic 
branching). However, his proof relied on a path decomposition result for Brownian motion, 
whereas we show that it follows from simple renewal argument valid for branching diffusions 
in general. 

Recall that f(s) = E[s L ] denotes the generating function of L. Let q' be the unique fixed 
point of / in [0, 1) (which exists, since /'(l) = m + 1 > 1), and let q be the smallest zero of 
a{s) in [0,1]. 



Proposition 3.2. Assume ceR. The functions tp- and ip + from Lemma \3.1\ corresponding 
to (Z x ) x ^q are solutions to the following differential equation on (i_,+oo) and (i + ,+oo) 7 
respectively. 

\tf ~ c¥ = V> - f ° i>- (3-4) 

Moreover, we have the following three cases: 

1. Ifc^ c , then q = q' , t- = -oo, a(l) = 0, a'(l) = A c , E[Z X ] = e XcX for all x > 0. 

2. If \c\ < c , then q = q' , t- e R, a(l) < 7 a'(l) = 2c, P{Z X = oo) > for all x > 0. 

3. Ifc^ -c , then q = 1, a(l) = 0, a'(l) = A c , E[Z X ] = e Xc ' x for all x > 0. 

Proof. Let s e (0, 1) and define the function ip s (x) = F x (s) = E[s x ] for x ^ 0. By sym- 
metry, Z x has the same law as the number of individuals N absorbed at the origin in a 
branching Brownian motion started at x and with drift — c. By a standard renewal argument 



(Lemma 7.1 ), the function ij) s is therefore a solution of (3.4) on (0, oo) with ^ s (0+) = s. This 
proves the first statement, in view of the representation of F x in terms of ip— and ip + given 
by Lemma [3.1 1 



Let s 6 (0, 1)\{(7} and let ip(s) = ip-(s) if s > q and ifj(s) = ip+( s ) otherwise. By (3.4) 



a , = ip"oip 1 (s) =2c + 2 i>°ip 1 (s) - f oipotl) l {s) =2c + 2 s - f(s) 
^'o^^s) ip' o _1 (s) a(s) 



whence, by convexity, 



a\s)a(s) = 2ca{s) + 2(s-/(s)), se[0,l]. (3.5) 



Assume |c| > Co- By Lemma 2.4, E[Z X ] = e XcX , hence a(l) = and a'(l) = A c , in 
particular, a'(l) > for c > Co and a'(l) < for c — Co- By convexity, q < 1 for c > Co and 
g = 1 for c ^ — cq. The last statement of Lemma |3.1|now implies that t- = — oo if c ^ cq. 



Now assume |c| < cq. By Lemma 2.4 E[Z X ] = +oo for all x > 0, hence either a(l) < 



or a(l) = and a'(l) = +oo, in particular, q < 1 by convexity. However, if o(l) = 0, then 



by (3.5), a'(l) = 2c — 2m/a'(l), whence the second case cannot occur. Thus, a(l) < and 



o'(l) = 2c by (3.5). 



It remains to show that q = q' if q < 1. Assume g ^ g'. Then a(g') ^ by the (strict) 



convexity of a and a'(q') = 2c by (3.5). In particular, a'(q') ^ o'(l), which is a contradiction 



to a being strictly convex. □ 
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4 Proof of Theorem 11.1 



We have c = Co by hypothesis. Let ip- be the travelling wave from Proposition |3.2| which 
is defined on R, since t- = -co. Let (f)(x) = l — i{j-(—x), such that 0(— oo) = 1— q, 0(+co) = 
and 

U"{x) + co<t>'(x) = f(l - 0(x)) - (1 - 0(x)), (4.1) 



by (3.4). Furthermore, a(l — s) 



p'^-Hs)) and F x (l - s) = 1 - ^(^"^s) - x). 
Under the hypothesis E[L(log L) 2 ] < oo, it is known |143j that there exists K e (0, oo), 
such that <j)(x) ~ Kxe~ c " x as x — » oo. Since a(l) = and a'(l) = cq by Proposition 3.2 this 
entails that 4>'(x) = a(l — (f)(x)) ~ — co-ftTxe _Co:1 ', as x — » oo. 



Set = (/>' and if 2 = 0- By (4.1), 



dx \<P2(x) 



4)"{x) 



-2c <//(x) + 2[/(l - <f>(x)) - (1 - 0(x))] 
0'(x) 



Setting g(s) = c 2 s + 2[/(l - a) - (1 - s)] = 2[/'(l)s + /(l - a) - 1], this gives 



dx VP2\X)I VP2\X) 



9(<P2(x)) 




with M 



-2c 



(4.2) 



The Jordan decomposition of M is given by 

j = = f " Co 1 

V -co 

Setting (S) =A (l) ,wegetwitllC= (l) : 

which, in integrated form, becomes 



A 



-co 1 - c 
1 1 



(4.3) 



V 9(<t>(x)) 



dy. 



Note that 



e 

(-00 



-co a; 



(4.4) 



(4.5) 



With the above asymptotic of </>, the integral L e CoV 'g(<p(y)) dy is finite by Theorem B of 
|36| (see also Theorem 8.1.8 in |37|). Equations ( |4.4[ ) and ( |4.5| ) now imply that 



&(x) ~ e- co:E (6(0) + J"°° e co ^(0(y)) dy) , 



and 



(£1 + ~ xe- c ^(e 2 (0) + J* e cw y(0(y)) 

and since </> = £1 + £2 and £2 = <P' + c 0</>) this gives 

(</>' + co<f>)(x) ~ <t>{x)/x ~ Ke" C02; . 



dy , 



(4.6) 
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With this information, one can now show by elementary calculus (see Section 7.2), that 

co 



a"(l - s) 



sQogi) 2 ' 

-cox 



coxe 



s(log i 



1\2' 



and 



as s — > 0. 



(4.7) 
(4.8) 



By standard Tauberian theorems (|79|. Section XIII. 5, Theorem 5), (4.7) implies that 

n 

U{n) = J] k\ 



n 



co 



fc=i 



(logn) s 



as n — > oo. 



By integration by parts, this entails that 

oo ^oo / f 00 1 1 \ 

^ n 9k L- X U ^ C °\ L x 2 (logx) 2dX n(logra) 2 / ' 



But the last integral is equivalent to l/(n(logn) 2 ) (|79|. Section VIII. 9, Theorem 1), which 
proves the first part of the theorem. The second part is proven analogously, using (4.8) 
instead. 



5 Preliminaries for the proof of Theorem 1.2 



In light of Proposition |2.1| one may suggest that under suitable conditions on L one may 
extend the proof of Theorem |1.1| to the subcritical case c > cq and prove that as n — > oo, 
P(Z X > n) ~ C'n~ d for some constant C. In order to apply Tauberian theorems, one would 
then have to establish asymptotics for the ([d\ + l)-th derivatives of a(s) and F x (s) as s — ► 1. 
In trying to do this, one quickly sees that the known asymptotics for the travelling wave 
(1 — ip{x) ~ const x e~ XcX as x — > — oo, see [108J) are not precise enough for this method 
to work. However, instead of relying on Tauberian theorems, one can analyse the behaviour 
of the holomorphic function a(s) near its singular point 1. This method is widely used in 
combinatorics at least since the seminal paper by Flajolet and Odlyzko |81| and is the basis 



for our proof of Theorem 1.2 Not only does it work in both the critical and subcritical cases, 
it even yields asymptotics for the density instead of the tail only. 

In the rest of this section, we will define our notation for the complex analytic part of the 
proof and review some necessary general complex analytic results. 



5.1 Notation 

In the course of the paper, we will work in the spaces C and C 2 , endowed with the 
Euclidean topology. An open connected set is called a region, a simply connected region 
containing a point zq is also called a neighbourhood of z$. The closure of a set D is denoted 
by D, its border by dD. The disk of radius r around zq is denoted by D(zo,r) = {z 6 C : 
\z — zq\ < r}, its closure and border by O(zo,r) and dD(zQ,r), respectively. We further use 
the abbreviation D = D(0, 1) for the unit disk. For ^ ip ^ it, r > and x 6 R, we define 

G(ip,r) = {jseB(l,r)\{l} : |arg(l-z)| <vr -<£>}, S+(ip,x) = [x,co) x {-<p,<p), 

A(<p,r) = {zeD(0, l + r)\{l} : |arg(l-z)| <vr-^}, S-(ip,x) = (-oo,x] x (-93,93), 
H(ip,r) = {z e D(0,r)\{0} : |argz| < <p}. 
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Note that H(ip, r) = 1 — G{tt — cp, r). Here and during the rest of the paper, arg(z) and log(-z) 
are the principal values of argument and logarithm, respectively. 

Let G be a region in C, zq e G and / and g analytic functions in G with g{z) for all 
z e G. We write 

f{z) = o{g{z)) ^ Ve> 35 >OVzEGnB(zo,5):\f(z)\^s\g(z)\, 
f(z) = 0(g(z)) ^ lC>0 15>0VzeGnB(zo,S):\f(z)\*ZC\g(z)\, 
f(z) = d(g(z)) <=> 3KeC: f(z) = Kg(z) + o(g(z)), 
f{z)~g{z) <^ f(z)=g(z) + o(g(z)), 

specifying that the relations hold as z —* zq. 

5.2 Complex differential equations 

In this section, we review some basics about complex differential equations. We start with 
the fundamental existence and uniqueness theorem (|28j. p. 1, |90| . Theorem 2.2.1, p. 45 or 
[95], Section 12.1, p. 281). 



Fact 5.1. Let G be a region in C 2 and (wq, zq) a point in G. Let f : G — > C be analytic in G, 
i.e. f is continuous and both partial derivatives exist and are continuous. Then there exists a 
neighbourhood U of zq and a unique analytic function w : U — > C, such that 

1. w(z ) = w , 

2. (w(z), z) e G for all z e U and 

3. w'{z) = f(w(z),z) for all zeU. 

In other words, the differential equation w' = f(w,z) with initial condition u>(,zo) = ^0 has 
exactly one solution w(z) which is analytic at zq. 



The following standard result is a special case of a theorem by Painleve ([28J, p. 11, [90J, 
Theorem 3.2.1, p. 82 or [95], Section 12.3, p. 286f). 

Fact 5.2. Let H be a region in C and w{z) analytic in H. Let G be a region in C 2 , such that 
(w(z), z) e G for each z e H and suppose that there exists an analytic function f : G — ► C ; 
such that w'(z) = f(w(z), z) for each z e H . Let zq e dH. Suppose that w{z) is continuous at 
zq and that [w{zq), zq) e G. Then zq is a regular point of w{z), i.e. w{z) admits an analytic 
extension at zq. 

Let [z\, . . . , Zk] n denote a power series of the variables zi, . . . , z^, converging in a neigh- 
bourhood of (0, . . . , 0) and which contains only terms of order n or higher. The complex 
differential equation 

zw = Xw + pz + [w, z]2, X,peC, (5-1) 

was introduced in 1856 by Briot and Bouquet |49] as an example of a complex differential 
equation admitting analytic solutions at a singular point of the equation. More precisely, they 
obtained f[9"D]. Theorem 11.1.1, p. 402): 

Fact 5.3. // A is not a positive integer, then there exists a unique function w{z) which is 



analytic in a neighbourhood of z = and which satisfies (5.1). Furthermore, w(0) = 



The singular solutions to this equation were later investigated by Poincare, Picard and 
others (for a full bibliography, see [93j ) . We are going to need the following result (see [93], 
Paragraph 111.9.2° or |90j . Theorem 11.1.3, p. 405, but note that the latter reference is without 
proof and the statement is slightly incomplete). 
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Fact 5.4. Assume A > 0. There exists a function ip(z,u) = ^jk>oPjk z ^ uk > converging in a 
neighbourhood of (0,0) and such that poo = and poi = 1, such that the general solution of 



(5.1) which vanishes at the origin is w = ip(z,u), with 

- u = Cz x , ifX i N, 

- u = z x {C + K\ogz), ifXe N. 

Here, C e C is an arbitrary constant and K e C is a fixed constant depending only on the 



right-hand side of (5.1). 



Remark 5.5. The above statement is slightly imprecise, in that the term solution is not 
defined, i.e. what a priori knowledge of w(z) (regarding its domain of analyticity, smoothness, 
behaviour at z = 0, ... ) is required in order to guarantee that it admits the representation 



stated in Fact 5.4? Inspecting the proof (as in |93j . for example) shows that it is actually 



enough to know that w(z) satisfies (5.1 ) on an interval (0, e) of the real line and that w(0+) 
0. We briefly explain why: 



In order to prove Fact 5.4 one shows that there exists a function tp of the form stated 
above, such that when changing variables by uu = ip(z, u), the function u{z) formally satisfies 
one of the equations 

zv! = Xu or zv! = Xu + Kz x , 

according to whether A ^ N or A e N. 

Now suppose that w{z) satisfies the above conditions. By the implicit function theorem 
(|91). Theorem 2.1.2), we can invert ip to obtain a function ip(w,z) = w + qz + [w,z]2, 
q e C, such that ip(z, (f(w, z)) = w in a neighbourhood of (0,0). We may thus define 
u{z) = ip(w(z),z) for all z £ (0,£i) for some e\ > 0. Moreover, u{z) now truly satisfies the 
above equations on (0, £i) and u(0+) = 0. Standard theory of ordinary differential equations 
on the real line now yields that u is necessarily of the form stated in Fact |5.4| 

We further remark that since u{z) is analytic in the slit plane C\(— oo, 0] and goes to as 
z — * in C\(— oo, 0], there exists an r > 0, such that (z, u{z)) is in the domain of convergence 
of Tp{z,u) for every z e H(7r,r). Hence, every solution w{z) can be analytically extended to 
"{-■<■). 

5.3 Singularity analysis 

We now summarise results about the singularity analysis of generating functions. The basic 
references are [81j and |82j . Chapter VI. The results are of two types: those that establish an 
asymptotic for the coefficients of functions that are explicitly known, and those that estimate 
the coefficients of functions which are dominated by another function. We start with the 
results of the first type: 

Fact 5.6. Let d e (1, oo)\N 7 k e N, 7 e Z\{0}, 5 e Z and the functions fi, f2 defined by 



h{z) = {l-z) d and f 2 {z) = (1 - z) k ( log:—) ( log log 



1 W. . 1 x5 



l-z) \ 1 -z 

for z e C\[l,+oo). Let {p"n) be the coefficients of the Taylor expansion of fi around the 
origin, i = 1,2. Then (p^n) satisfy the following asymptotics as n — > 00: 

JD.A and J2) ^(lognr-Hloglogn)* 

[J n n d+l a ' la p ri nk+ i ! 

for some non-zero constants K\ = Ki(d),K2 = K2(k,j,5). We have ^(1, —1,0) = 1. 
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Proof. For f\, this is Proposition 1 from [81]. For fa this is Remark 3 at the end of Chapter 
3 in the same paper. Note that the additional factors i do not change the nature of the 
singularities, since i is analytic at 1 (see the footnote on p. 385 in [82]). The last statement 
follows from Remark 3 as well. □ 

The results of the second type are contained in the next theorem. It is identical to 
Corollary 4 in [81]. Note that a potential difficulty here is that it requires analytical extension 
outside the unit disk. 

Fact 5.7. Let < cp < tt/2, r > and f(z) be analytic in A((p, r). Assume that as z — > 1 in 
A(p,r), 

f(z) = 0(^1- z) a L^— z ^ , where L{u) = (log u) 7 (log log u) 5 , a,j,5eR. 

Then the coefficients (p n ) of the Taylor expansion of f around satisfy 

(L{n)\ 
= [^TI ) ' asn^cc. 

5.4 An equation for continuous-time Galton— Watson processes 

In this section, let {Yt)t»Q he a homogeneous continuous-time Galton-Watson process 
starting at 1. Let a(s) be its infinitesimal generating function and Ft(s) = E[s Yt ]. Assume 
a(l) = and a'(l) = A e (0, 00), such that a(s) = has a unique root q in [0, 1). 

The following proposition establishes a relation between the infinitesimal generating func- 
tion of a Galton- Watson process and its generating function at time t. For real s, the formulae 
stated in the proposition are well known, but we will need to use them for complex s, which 
is why we have to include some (complicated) hypotheses to be sure that the functions and 
integrals appearing in the formulae are well defined. 

Proposition 5.8. Suppose that a and Ft have analytic extensions to some regions D a and 
Dp. Let Z a = {s £ D a : a{s) = 0}. Let there be simply connected regions G a D a \Z a and 
D c G n Dp with Ft(D) a G and D n (0, 1) # 0. Then the following equations hold for all 
s e D: 

— dr = t, (5.2) 

IB «( r ) 

and 

( r Ft ^ \ 

l-F t ( S ) = e A '(l- S )exp(-J /*(r)drj, (5.3) 
where f*(s) is defined for all s e D a \Z a as 

r(^) = ^ T + T J -, (5.4) 

a{s) 1 — s 

and the integrals may be evaluated along any path from s to Ft(s) in G. 



r 



Proof. For s e (0, l)\{g}, equation (5.2) follows readily from Kolmogorov's backward equation 
(3.3), when the integral is interpreted as the usual Riemann integral (|14j. p. 106). Now note 
that by definition of G, both and /* are analytic in the simply connected region G and 
therefore possess antiderivatives g and h in G. Thus, the functions 

rFt(s) 1 r F t (s) 

s~ — dr = g(F t (s)) - g(s) and s~\ f*(r)dr = h(F t (s))-h(s) 
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are analytic in D. By the analytic continuation principle, (5.2) then holds for every s e D, 
since D n (0, 1) # by hypothesis. This proves the first equation. For the second equation, 
note that — log(l — s) is an antiderivative of in G, whence the right-hand side of (5.3) 
equals 



1 - s) exp I log(l - F t (s)) - log(l - a) - A ' -L dr J = 1 - F t (s), 



for all s £ D, by (5.2). This gives (5.3). □ 



Corollary 5.9. If 1 is a regular point of a(s), then it is a regular point for Ft(s) for every 
t > 0. 

Proof. Define G = {s e D : Res > q}. Then G n Z a = 0, since g is the only zero of a in 
D (every probability generating function g with </(l) > 1 has exactly one fixed point q in D; 
this can easily be seen by applying Schwarz's lemma to r _1 o g o t, where r is the Mobius 
transformation of the unit disk that maps to q). Let s\ e (q, 1) be such that Ft(s) £ G for 



every se i? = {se D : Res > si}. We can then apply Proposition |5.8| to conclude that (5.3) 
holds for every s E H. 

Since o(s) is analytic in a neighbourhood U of 1 by hypothesis, it is easy to show that /* 
is analytic in U as well. Thus, /* has an antiderivative F* in H u U. We define the function 
g(s) = (1 — s) exp(i ? *(s)) on H u {/. Since <?'(1) = — exp(i ? *(l)) ^ 0, there exists an inverse 
<7 _1 of 5 in a neighbourhood C/i of ^(1) = 0. Let XJi a U be a neighbourhood of 1, such that 
e xt g(s) e CTj. for every s E Ui. Define the analytic function Ft{ s ) = for s E ^2- 



Then by (5.3), we have Ft(s) = i^t(s) for every s e H n U2, hence F\ is an analytic extension 



of F t at 1. □ 

Corollary 5.10. Suppose that a(s) has an analytic extension to G{<£o,ro) for some < 
(po < tt and ro > 0. Suppose further that there exist c e R, 7 > 1, such that a(l — s) = 
—As + Acs/ logs + 0(s/\ logs| 7 ) as s — > 0. T/ien /or every <po < ip < n there exists r > 0, 
suc/i that Ft(s) can be analytically extended to G(cp,r), mapping G(<p,r) into G((fo,ro). 

Proof. Recall that A > 0. By hypothesis, we can then assume that a(s) ^ in G(cpo,ro) by 
choosing ro small enough. Then A/a has an antiderivative A on G((/?o> r o)- Define B(s) = 
A(l — s) for s E H(tt — fo, ro), such that 

*(■)- .„ '• / 1 



s(l - c/ logs + 0(| log s slogs \s\ logs|- min (T' 2 ) 



We can therefore apply Lemma 7.7 to B and deduce that there exist <p\ £ (cpo, y) and ri, r £ 
(0, ro), such that A is injective on G((pi,ri) and such that A(s) + At e A((?(yji,ri)) for every 
s e G((p,r). Hence, Ft(s) = ^4 _1 (A(s) + At) is defined and analytic on G(ip,r). By (5.2), 



Ft(s) = Ft(s) on G((p,r) n D, hence Ft is an analytic extension of -Ff, mapping G(<p,r) into 
C((/Ji,ri) 1= G(<po,ra) by definition. □ 



6 Proof of Theorem 1.2 



We turn back to branching Brownian motion and to our Galton-Watson process Z 
{Zx)xtz0 °f the number of individuals absorbed a t th e point x. Throughout this section, we 
place ourselves under the hypotheses of Theorem 



i.e. we assume that c ^ cq = \ 2m and 



1.2 



that the radius of convergence of f(s) = E[s L ] is greater than 1. The equation A 2 — 2cA+Cq = 
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then has the solutions A c = c — -\/c 2 — Cq and A c = c + y c 2 — Cq, hence A c = A c = Co if c = Co 
and A c < Co < A c otherwise. The ratio ci = A c /A c is therefore greater than or equal to one, 
according to whether c > Co or c = Co, respectively. Recall further that j e N denotes the 
span of L — 1. 

Let a(s) = cKXifc^o^'^ — s ) ^ e ^ ne infinitesimal generating function of Z and let F x (s) = 



E[s Zx ]. We recall the equation (3.5) from Section |3| For s e [0, 1], 

a'(s)a(s) = 2ca{s) + 2(s - /(«)). (6.1) 



By the analytic continuation principle, this equation is satisfied on the domain of analyticity 
of a(s), in particular, on D. 



We now give a quick overview of the proof. Starting point is the equation (6.1). We are 



going to see that this equation is closely related to the Briot-Bouquet equation (5.1) with 



A = d. The representation of the solution to this equation given by Fact |5.4| will therefore 



enable us to derive asymptotics for a(s) near its singular point s = 1 (Theorem 6.4). Via the 



results in Section 5.4, we will be able to transfer these to the functions F x (s) (Corollary 6.6). 



Finally, the theorems of Flajolet and Odlyzko in Section 5.3 yield the asymptotics for q n and 
P{Z X = n). 

More specifically, we will see that the main singular term in the expansion of a(l — s) or 
F x (l — s) near s = is s d , if d N and s d logs, if d e N. At first sight, this dichotomy 
might seem strange, but it becomes evident if one remembers that we expect the coefficients 
of F x (s) (i.e. the probabilities P(Z X = n), assume 5 = 1) to behave like l/n d+1 , if d > 1 



(see Proposition 2.1). In light of Fact |5.6| a logarithmic factor must therefore appear if d is a 
natural number, otherwise F x (s) would be analytic at 1, in which case its coefficients would 
decrease at least exponentially. 

We start by determining the singular points of a(s) and F x (s) on the boundary of the unit 
disk, which is the content of the next three lemmas. 

Lemma 6.1. Let X be a random variable with law (pk)keN an ^ ^ x > 0. Then the spans 
of X — 1 and of Z x — 1 are equal to 5. 

Proof. This follows from the fact that the BBM starts with one individual and the number 
of individuals increases by / — 1 when an individual gives birth to / children. □ 



Lemma 6.2. If 5 = 1, then a(s) and (F x (s)) x> o are analytic at every s$ e 5D\{1}. If 5^2, 
then there exist a function h{s) and a family of functions (h x (s)) x> o, all analytic on D, such 
that 

a(s) = sh(s S ) and F x (s) = sh x (s S ), 
for every seD. Furthermore, h and (h x ) x> o are analytic at every sq e 5D\{1}. 

Proof. Assume first that 5^2. Define 

h(s) = a(^Pi+5nS n -l) and h x (s) = J]P(Z X = I + 5n)s n . 

n n 

By Lemma |6.1| Pk+Sn = P{Z X = k + 5n) = for every k e {2, ... ,5} and n e Z, whence 
a(s) = sh(s d ) and F x (s) = sh x (s s ) for every seD. 

We now claim that a and F x are analytic at every sq e with Sq 1. Note that if 5 ^ 2, 
this implies that h and h x are analytic at every sq e 5D\{1}, since the function s *-*■ s s has an 
analytic inverse in a neighbourhood of any s ^ 0. 
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First note that by [79|, Lemma XV.2.3, p. 475, we have | Xm^^o I < 1 f° r ever y s o E <5D, 
such that Sg # 1, whence a(so) 0. Now write the differential equation (6.1) in the form 



/ 2ca + 2{s- f{s)) 

a = =: g{a,s). 

a 



Since the radius of convergence of / is greater than 1 by hypothesis, g is analytic at (a(so), so)- 
Furthermore, a is continuous at so, since ^ n PnS n converges absolutely for every s e D. 



Fact 5.2 now shows that a is analytic at So- 

It remains to show that F x is analytic at sq. Kolmogorov's forward and backward equations 
(3.2) and (3.3) imply that a{s)F' x {s) = a{F x {s)) on [0,1], and the analytic continuation 



principle implies that this holds on D. Now, let sq e dD, such that Sq =fi 1. Then we have 
just shown that a is analytic and non-zero at So- Furthermore, l-Fx^o)! < 1j by the above 
stated lemma in [79] and Lemma 6.1 Thus, the function f(w,s) = a(w)/a(s) is analytic 



at (F x (sq), so), hence we can apply Fact 5.2 again to conclude that F x is analytic at so as 
well. □ 

The next lemma ensures that we can ignore certain degenerate cases appearing in the 



course of the analysis of (3.5). It is the analytic interpretation of the probabilistic results in 
Section [2j 



Lemma 6.3. 1 is a singular point of a{s). If c = cq, then a"(l) 



+00. 



Proof. If c = Co, the second assertion follows from Theorem 1 1 . 1 1 or from Neveu's result that 
E[Z X log + Z x ] = oo for x > (see the remark before Theorem |l . 1 [ ) . This implies that 1 



is a singular point of a(s). If c > cq, Proposition 2.1 implies that E[s m ~\ = go for every 



s > 1, whence 1 is a singular point of the generating function F x (s) by Pringsheim's theorem 



(|82j. Theorem IV. 6, p. 240). By Corollary 5.9 it follows that 1 is a singular point of a(s) as 
well. □ 

The next theorem is the core of the proof of Theorem |1.2| 



Theorem 6.4. Under the assumptions of Theorem for every ip e (0,7r) there exists 

r > 0, such that a(s) possesses an analytical extension (denoted by a(s) as well) to G((p,r). 
Moreover, as 1 — s — > 1 in G(ip,r), the following holds. 

— If d = 1, then 



a(l — s) = —cqs + cq 



log 



c s 



log log \ 
(log 



l\2 



O 



(log 



IV2 



(6.2) 



If d > 1, then there is a K = K(c, f) G C\{0} and a polynomial P(s) 
such that 

ifd$N: a(l - s) = -A c s + P(s) + Ks d + o(s d ), 
ifdeN: a(l - s) = -A c s + P(s) + Ks d log s + o{s d ). 



(6.3) 
(6.4) 



Proof of Theorem 6.4 We set b(s) = a(l — s). By (6.1), 

- b'(s)b{s) = 2c6(s) + 2(1 - s - /(l - s)) on D(l, 1). 



(6.5) 



Since / is analytic at 1 by hypothesis, there exists < £\ < 1 — q and a function g analytic 
on D(0,£i) with g(0) = g'(0) = 0, such that f{\ - s) = 1 - (m + l)s + g(s) for s £ O(0, £1). 
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As a first step, we analyse (6.5) for real non-negative s. Since e\ < 1 — q, b(s) < on 
(0, ei), whence we can divide both sides by b(s) to obtain 



db 
ds 



-2cb - c 2 Q s + 2g(s) 



on (0,£i). 



(6.6) 



Introduce the parameter t(s) = ^ zfrj ; s £ (0, e{\, such that t(e\) = 0, t(0- 



-oo 



and t(s) is strictly decreasing on (0, £%]. There exists then an inverse s(t) on [0, oo), which 
satisfies s'(t) = b(s(t)). Hence, we have 



db _ dbds 
dt ~ ds dt 

In matrix form, this becomes 



-2cb(t) - ($s(t) + 2g(s(t)) on (0, oo) 



d (b 



dt \s 



M 



Ms] 





M 



-2c 
1 







(6.7) 



for t e (0, oo). Note that this extends (4.2) to the subcritical case. This time, the Jordan 
decomposition of M is given by 



A' 1 MA 



-A c 








A 



1 



A, 



if c > cq, 



and by (4.3), if c = cq . Setting 



transforms (6.7) into 

dB _ 

~dt ~ 
dB _ 

~dt ~ 



-\ C B + [B,S} 2) 
-c B + S + [B,S] 2 , 



A 



dS 

dt 
dS 

dt 



-\ C S + [B,S] 2 , 
-c S+[B,S] 2 , 



if c > Co, 
if c = c , 



for t 6 (0, oo). Furthermore, by (6.9), we have 

s = B + S, 

' (Ac"- Xc^ib + Tcs), if rf > 1, 



S 



B 



b + cos, if d = 1, 

(A c - T c )- 1 (b + X c s), if d > 1, 



(6.8) 
(6.9) 

(6.10) 
(6.11) 

(6.12) 
(6.13) 

(6.14) 



-b + (1 - cq)s, if d = 1. 

From now on, let e 2 , £3, . . . be positive numbers that are as small as necessary. By the strict 
convexity of b and the fact that 6'(0) = — A c by Lemma 2.4 equation (6.13) implies that S is 
a strictly convex non-negative function of s on [0,£2)- This implies that the inverse s = s(S) 
exists and is non-negative and strictly concave on [0,63). It follows that t(S) = t(s(S)) exists 
on [0,64). Equations (6.10) and ( 6.11| ) then yield for S £ (0, £4), 



dB _ dB + [B, S] 2 
dS ~ S + [B, S] 2 ' 
dB _ B — Cq 1 5' + [B, S] 2 
dS " S+ [B,S] 2 ' 



if c > Co, 

if C = Cq. 



(6.15) 
(6.16) 
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By (6.12) and the fact that s(S) is strictly concave, B is a strictly concave function of S 
as well, hence strictly monotone on (0, £5). We claim that B(S) 2 = o(S) as S — > 0. For d > 1, 
one checks by (6.13) that S{s) ~ s, as s — > 0, whence -B(S') = o(S'), as £ — > 0, by (6.12). 
If d = 1, then 6'(0) = — Co by Lemma 2.4 and 6"(0) = +go by Lemma 6.3 Equation (6.13) 
then implies that S(s)/s 2 — ► +00 as s — > 0, whence s(S') = o(\/S). The claim now follows by 
(p2|. 



Proposition 7.4 now tells us that there exists a function h(z) = [Yj 2 , such that the function 
s(5) = 5 — h(B(S)) has an inverse 5(s) on (0,Eq) an d b(s) = B(S(s)) satisfies the Briot- 
Bouquet equation 

sb , = U + [M 2 , ifd>i, (617) 

- c 1 5+ [b,s] 2 , if d = 1, 

on (0, £6)- By Fact 5.4 and Remark |5. 5 1 there exists then a function u) = u + rz+ [z, tt] 2 , 
r e C, such that b(s) = ^(s, u(s)), where 

u(z) = Cz d , if d $ N and = Cz d log z, if d e N, 

for some constant C = C(c, /) e C (the form of u in the case d 6 N can be obtained from the 

s 

sides of (6.17), we get, if d > 1, r = dr, whence r = and if d = 1: r + C = r — Cq , whence 



one in Fact 5.4 by changing C and K). Moreover, comparing the coefficient of 5 on both 
sid 
C 



-1 



-0 



Assume now d > 1. Then b = u{s) + [s,it(s)] 2 . Recall that B = b and S = 5 + h{b). By 



PT2D , 

s = -B + S = b+ s + /i(b) = s + u(s) + [s, -u(s)] 2 , 

such that s'(s) = 1 + o(l) and s(s) = s + [s] 2 + o(s 7 ), as 5 — » 0, where 7 = (d + [dJ)/2, if 
d ^ N and 7 = d — 1/2, if d e N. By Lemmas 7.6 and 7.8 for every ipo e (0,7r) there exists 
ro > 0, such that the inverse s(s) exists and is analytic on H((po, ro) and satisfies 

s(s) = s + [s] 2 + o(s 7 ), as s — ► 0. 

This entails that 

n( s ) = C7s d = C(s + o(s)) d = Cs d + o(s d ), 

u(s) = Cs d logs = C{s + o{s 3/2 )) d log{s + o{s)) = Cs d log s + o{s d ), 
s n = [s]2 + o(s 7+l) + o(s 7 2 ) = [s ] 2 + o(s d )> 

It follows that 



if d £ N, 
if de N\{1}, 
for all n ^ 2. 



b(s(s)) = U ( S ) + [ S ] 2 + o(s d ), 



as s 



0. 



We finally get by (6.9), 
6 = _aIB - X r S 



-X c s + (A c - A c )b = -A c s + (A c - Xc)u(s) + [s] 2 + o(s d ), 



which proves (6.3) and (6.4). 

If d = 1, recall that u(z) = Cq 1 zlog ^ and b = u(s) + rs + [s,u(s)] 2 for some r e C. By 



(6.12), 



s = J B + S' = b + s + /i(b) = u(s) + (r + l)s + [s, u(s)] 2 , 
such that s'(s) = Cq 1 log(^) + O(l) and s(s) = Cq 1 slog i + (r + l)s + 0(5). Lemma 



7.6 



now 



implies that for every c^o £ (0, it) there exists ro > 0, such that the inverse s(s) exists and is 

+ h{b) = -c s + s + O(s 3 / 2 ). 



analytic on H((po,ro). Now, by (6.9), 
b 



-c s 



cos 



Lemma 7.9 now yields (6.2). 



□ 
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Remark 6.5. The reason why we cannot explicitly determine the constant K in Theorem 6.4 



is that we are analysing ( |3.5| ) only locally around the point 1. Since the solution of (3.5) 
with boundary conditions a(q) = o(l) = is unique (this follows from the uniqueness of the 
travelling wave solutions to the FKPP equation), a global analysis of this equation should be 
able to exhibit the value of K. But it is probably easier to refine the probabilistic arguments 
of Section [2] which already give a lower bound that can be easily made explicit. 

The asymptotics established in Theorem 6.4 for the infinitesimal generating function can 
now be readily transferred to the generating functions F x (s). 



Corollary 6.6. Under the assumptions of Theorem 1.2, for every x > and ip e (0, 7r) there 
exists r > 0, such that F x (s) = E[s Zx ] can be analytically extended to G(tp,r). Furthermore, 
the following holds as 1 — s — > 1 in G(tp, r). 

— If d = 1, then 



F x (l 



s) = l 



e C0X s 



coxe 



C X 



s log log i 



log 



(log*) 



1^2 



O 



1^2 



(6.18) 



If d > 1, then there is a polynomial P x (s) = Y!m=2 c nS n , such that 

ifd^N: F x (l-s) = l-e XcX s + P x (s) + K x ds d + o{s d ), (6.19) 
ifdeN: F x (l-s) = 1 -e XcX s + P x (s) + K x s d log s + o{s d ), (6.20) 



where K T = K(e 



X c x 



)/(A c — A c ), with K being the constant from Theorem 6.4 



Proof. Let < ipo < </?• By Theorem 6.4 there exists ro > 0, such that a(s) can be analytically 
extended to G((fo,ro) and satisfies the hypothesis of Corollary 5.10 It follows that there 
exists r > 0, such that F x (s) can be analytically extended to G(<p,r) and maps G(<p,r) into 
G((fo,ro). Hence, the functions 



w(s) = 1 - F x (l - s) and I(s) 



rw(s) 
Js 



/*(l-r) dr, 



where f*(s) is defined as in (5.4), are analytic in H(tt — (f,r). In what follows, we always 
assume that s e H(ir — cp, r). Appearance of the symbols ~, O, O, o means that we let s go to 
in H(ir — cp,r). 

First of all, we note that by Proposition 5.8 we have 



w(s) = se AcX exp(/(s)) = se XcX (l + I(s) + ^ 



Ks) 



fc=2 



k\ 



(6.21) 



6.4 



a(l — s) = —X c s + [s]2 + u(s) + o(s d ), where u(s) = Ks° 



Now assume d > 1. By Theorem 

or u( s) = Ks d logs, according to whether d £ N or d e N, respectively. It follows that 



/*(!-*) 



a(l 
Wo 



"0) 

A c s 2 



OS 



1 

s 

„d-2 



1 - Hi 



u(s) 
\ c s 



OS 



d-1 



)) 



-1 



Now, J 



o(s d 1 ), since w(s) 



se XcX by Lemma 2.4 Thus, 



Ks) 



Js 



■Ks) 



/*(1 - r) dr = [w(s),s]i 



r 

Js 



Ks) 



u(r) 

W 1 



dr + o(s' 



(6.22) 
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Since r 2 u(r) dr = 0(s d 1 logs), equations (6.21) and (6.22) now give 



w(s) = se XcX ^1 + [w(a),s]i - J 



dr + o(s 



(6.23) 



If d ^ 2, we deduce that w(s) = se XcX + o(s 3 / 2 ). Straightforward calculus now shows that 



r°W n (r) , u(a) r . . . . , 



(6.24) 



and (6.23) and (6.24) now yield 

= se AclE + [to(s), s] 2 - K x u{s) + o(s d ). 



Repeated application of this equation shows that w(s) = se cX + [s]2 ~ K x u(s) + o(s ■ ), which 
yields KM and (|6~20|). 



In the critical case d = 1, Theorem 6.4 tells us that 

1 / 1 log log i 



HI--) 



log i (lo{ 



1\2 



o 



(log 



1^2 



(6.25) 



Write A = A c = cq. For our first approximation of iu(s), we note that 



J(s) ~ - f dr 

J s r log ± log i J s r 



dr 



Ax 

logi 



hence, by (6.21 ), 



wis) = se 



1 



Xx 



log 



1 



log 



1 



(6.26) 



To obtain a finer approximation, we decompose J(s) into 

x <>iu(s) 



We then have 



nse r w \ s ) 

I(s) = /*(l-r)dr + /*(l-r)dr =: h( 

Js J se^ x 

log log \ 



his) 



h(s) 



Xx 
1^1 



Ax 



(logi) 



1^2 



o 



lV2 



and, because of (6.26), 



-his) 



I 



r log 



dr 



(logi) 



Ax 



(logi) 



1^2 • 



Plugging this back into (6.21) finishes the proof. 



□ 



Proof of Theorem 1.2 Let x > 0. We want to apply the methods from singularity analysis 
reviewed in Section 5.3 to the functions a and F x , if S = 1, or the functions h and h x from 
Lemma 6.2 if S ^ 2. Let 9? e (0,7r/2). By Theorem 6.4 and Corollary 6.6 there exists 
ro > 0, such that a and F x can be analytically extended to G((p,ro), which implies that 
for some (pi e (</?,7r/2) and ri e (0,r), h and /i x can be extended to G(ipi,ri), as well. 
Moreover, by Lemma |6.2| each of these functions is analytic in a neighbourhood of every 
point of C = {s 6 dH) : |1 — s\ ^ ?"i/2}, which is a compact set. Hence, there exists a finite 
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number of neighbourhoods which cover C. It is then easy to show that there exists r > 0, 
such that the functions are analytic in A((f\,r). 

If S = 1, we can then immediately apply Facts 5.6 and 5.7, together with the asymptotics 



on a and F x established in Theorem |6.4| and Corollary |6.6[ to prove Theorem |1.2| 

If 5 > 2, let q(s) be the inverse of s <—>■ s s in a neighbourhood of 1, then h(s) = a(q(s))/q(s) 
near 1, by Lemma 6.2 But since q'(l) = 1/5, we have 

,1 9 n 



h(l - s) = a(l 



c 2 s + c 3 s 



))(1 



/ 



c' 2 s 



), 



for some constants c n ,c' n , and so equations (6.2), 
coefficient of the main singular term divided by 5 d . 
for the function h to obtain the asymptotic for (p<5 n +i)neN hi Theorem 1.2 In the same way 



(|6.3| and (6.4) transfer to h with the 

and 



We can therefore use Facts 5.6 



5.7 



equations (6.18), (6.19) and (6.20) yield asymptotics for h x , such that we can use again Facts 
5.6 and 5.7 to prove the second part of Theorem 1.2 □ 



7 Appendix 

7.1 A renewal argument for branching diffusions 

Let W = (Wt)t^o he a diffusion on an interval with endpoints a 1 < < a, such that 
lim x jo P z pb < t] = 1 for every £ > 0, where T = inf{t ^ : W t = 0} and Wo = x, P x -almost 
surely. For x £ (0,a), and only in the scope of this section, we define P x to be the law of 
the branching diffusion starting with a single particle at position x where the particles move 
according to the diffusion W and branch with rate (3 according to the reproduction law with 
generating function f(s). Moreover, particles hitting the point are absorbed at that point. 
Denote by Z the number of particles absorbed during the lifetime of the process and define 
u s (x) = P x [s z ] for s e [0, 1) and x e (0, a). 

Lemma 7.1. Let s e [0, 1) and ^ be the generator of the diffusion W . Then 



?u s = f3(u s — f o u s ) on(0,a), with u s (0+) 



s. 



Proof. The proof proceeds by a renewal argument similar to the one in [1 1SJ . As for the BBM, 
for an individual ii, we denote by its time of death, X u (t) its position at time t and L u 



the number of u's children. Define the event A 
have by the strong branching property 



{3t e [0, Cz) ■ X (t) = 0}. For s e [0, 1) we 



u s (x) = E x [s z ] 



sP x {A) + E x 
sP x (T < - 



E x [f(u s (W^),^T ], 



where W = (W()^o is a diffusion with generator <S starting at x under P x ', To = inf{£ ^ : 
Wf = 0} and the random variable £ is exponentially distributed with rate /3 and independent 
from W. Setting v{x) = ~P x (Tq < £) we get by integration by parts 



v[x) 



f 

Jo 



p e -Ptp*(T < t) dt 



f 

Jo 



e^'P^To £ dt) = E 2 



-PT 



and therefore 'Sv = f3v on (0, a) (|41|. Paragraph II. 1.10, p. 18). 

Denote the /3-resolvent of the diffusion by Rp. By the strong Markov property, 



f 

Jo 



E x [f(u s (W^)),^T ] = E x I (3e-^f{u s {W t ))dt 



E a 



Jt 



Pe-f*f{u a {W t ))dt 



PRptf o u s ){x) - pE*[e-P T °]Rp(f o Ua ){0), 
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hence u s = C s gv + f3Rp{f o u s ), with C St p = s — PRp{f o u s )(0). It follows that 

&u s = /3C S) pv + p 2 Rp{f o u a ) - P(f o u s ) = P(u, - f o u s ) on (0, a). 
By the above hypothesis on W, P x (Tq < £) — > 1 as x J 0, whence it s (0+) = s. □ 

7.2 Addendum to the proof of Theorem |1.1| 

With the notation used in the proof of Theorem recall that for some constant K > 
we have 

(<p' + cq4>)(x) ~ 4>{x)/x ~ ife~ co:E , as x ^ oo. 

In what follows, formulae containing the symbols ~ and o() are meant to hold as s J 0. The 
above equation yields 

o(l - a) = ^(^(a)) = -cos + (</>' + coMrHs)) = -c s + (c ° ± . (7.1) 



Now, by (3.5), we have 



a'(l — s)a(l — s) = 2coa(l — s) + c^s — g(s), 

where we recall that g(s) was defined as g(s) = 2(/(l — s) — 1 + /'(l)s). From the above 
equation, one gets 

a"(l s) = -(o(l - S ))- 3 ((c a(l - s) + cgs - g(s)) 2 - g'(s)a(l - s) 2 ) . 



By definition, g(s) = o(s) and g'(s) = o(l). The previous equation together with (7.1) then 



yields (4.7). 



Kolmogorov's forward and backward equations (|3.2|) and (|3.3|) give 

F'Js) 



a{F x (s)) 



a(s) 

and taking the derivative on both sides of this equation gives 

a(F x (s)) 



as 



(a'(F x (s)) - a' (a)) . 



(7.2) 



By (4.7) and F' X {1) = E[Z X ] = e c ° x , we get 



a'(F x (l-s))-a'(l-s) 



I 



l-F x (l-s) 



a (1 — r) dr 



This equation, together with (7.2) now yields 



F' x \l - s) 



-coe°° x s 
els 2 



CqX 



(logs) 5 



which is (4.8 ). 



(log s 



,2' 
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7.3 Reduction to Briot— Bouquet equations 

In this section, we show how one can reduce differential equations as those obtained in the 
proof of Theorem 1.2 to the canonical form (5.1 ). It is mostly based on pp. 64 and 65 of |28) . 

Lemma 7.2. Let A e (0, 1] and p e C. Then the equation 

Xw + [w, z] 2 



in 



Z + pW + [w, z]2 

has an analytic solution w{z) = [z]2 in a neighbourhood of the origin. 



(7.3) 



Proof. We choose the ansatz w = z ■ w\. This transforms (7.3) into 

. Xzwi + z 2 \wi, z]o Xwi + z\w\, z]o 

zw l + wi = ^ — = — . 

z + pzw\ + Z z [Wl, Z\o l + [Wl,Z\l 

Writing the inverse of the denominator as a power series in w\ and z, this equals 

(Xw! + z[u>i, z]q)(1 + [wi,z]i) = \w! + rz + [wi,z] 2 , 

for some r e C. This finally yields 

zw'i = (A — l)wi + rz + [wi, z]2- 

Since A — 1 is not a positive integer, this equation now has an analytic solution wi{z) = [z]i 
by Fact 5.3 whence w{z) = zw\{z) = [z]2 solves (7.3). □ 



Remark 7.3. The important point in Lemma 7.2 is that the coefficient of z in the numerator 
of (7.3) is 0, which is why w'{z) = 0. 

Proposition 7.4. Let X > 1 and p e R. Suppose w{z) is a strictly monotone real-valued 
function on (0, e), e > 7 with w(z) 2 = o(z) as z — > and satisfying 



w 



Xw + pz + [w, z] 2 
z + [w,z] 2 



on (0, e). 



(7.4) 



Then there exists h{z) = [z]2 and e\ > 0, such that 3 = z — h{w) has an inverse z = 2(3) on 
(0, £1) and such that 

3^ = Aw +pi + [w,i\ 2 on (0,ei). (7.5) 

Proof. By hypothesis, w(z) is monotone on (0, e) and therefore possesses an inverse z = z{w) 
on (0,5), 5 > 0, which satisfies 



dz X 1 z + [w, z]2 

dw w + pX~ 1 z + [w, z\ 



(7.6) 



By Lemma 7.2, there exists then an analytic solution z = g(w) = \w~\2 to (7.6), since A -1 e 
(0, 1] by hypothesis. Setting 3 = 2: — g(w) transforms (7.6) into a differential equation, which 
has 3 = as a solution, hence it is of the form 

dg ^ A' 1 ^ + 3[w,a]i 
dw w +pX~ l i + [w,%]2' 
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We have d^/dz = 1 + g' (w(z))w' (z) = 1 + 0(w(z)w'(z)). By 

w(z)w'(z) = 0(w(z) 2 /z + w(z)) = o(l), 

by hypothesis. Hence, there exists £\ > 0, such that %(z) is strictly increasing on (0,£i) and 
therefore has an inverse. Thus, 1^(3) = w{z{i)) satisfies 

dw w + pA~ 1 a + [w,i] 2 , 
d3 A ^(1 + [w,$]i) 

for some e 2 > 0. Expanding (1 + [w, 1 as a power series at (10,3) = (0,0) gives (7.5). □ 



7.4 Inversion of some analytic functions 

The results in this section are needed in the proofs of Corollary |5.10| and Theorem |1,2 



Lemma 7.5. Let ip e (0, it), r > and h be an analytic function on H((p,r) with h(z) = o{z) 
as z — > 0. Then there exists T\ > 0, such that for all zi,z 2 e H((p, r\), 

rzi 

log z\ — log Z2 + h(z)dz=£0. 

Proof. Let z±,Z2 e H(ip,r). Write 2^ = Oje 1 ^, with aj > 0, tpi e (—</>,</>), i = 1,2. Define the 
paths 

71 (t) = a 2 e i ^ 1+ ( 1 -'^ 2 ) and 72 (t) = (toi + (1 - t)a 2 )e^, i e [0, 1], 
such that their concatenation forms a path from z 2 to 2fj in H((p, r). Then 

Jh(s) ds = \ipi — ip2\ • G2o(l/a 2 ) and /t(s) ds = | logai — loga 2 |o(l). 

71 ^ 72 

As a consequence, 



f h{s)ds 
J z 2 



|yi - V2I + I logai - loga 2 |)o(l) ^ V2| logzi - logz 2 |o(l). 



This proves the statement. □ 

Lemma 7.6. Let r > and p e (0, ir]. Let g and h be analytic functions on H((p,r) with 
g'{z) = 1 + o(l), h'(z) = logi + O(l), 5(2) -> and -> as z -* ^n H(<p,r). Then 
for each ip® e (0, tp) and p\ e (po, p>) there exist ro, r\ > 0, such that g and h are injective on 
H((pi,n) and the images of H(p\,ri) by g and h contain H(pQ,ro). 

Proof. By hypothesis, g{z) = z + o{z) as z — > in H(p,r), whence argg(z) = argz + o(l). 
Thus, there exists r\ > 0, such that g{H(p\,ri)) cz C\(— 00, 0]. 

Suppose that there exist z\, z 2 e H((pi,n), such that g(zi) = g{z2). Let 7 be a path from 
Z2 to z\ in H((pi,n). Then g o 7 is a loop in C\(— 00, 0], whence 

0= f -dz= f ^dz = logzi-logz 2 + f o(i)ds. 

By Lemma [7. 5 1 we can choose r\ so small, that this equality cannot hold, whence g is injective 
on H(<pi,ri). 
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Since g(z) —* and argg(z) = argz + o(l) as z — > 0, there exists ro > 0, such that 
g(dH((fi,rx)) encloses H(ipo,ro). Now, since g is injective on H(tpx,rx), H(jpx,n) and 
g(H(<pi,ri)) are conformally equivalent, whence g(H((fx,rx)) is simply connected. It follows 
that g(H((pi 1 rx)) => H(cp ,r ). 

Exactly the same arguments hold for h, since /i(z) = z(log - + 0(1)) by hypothesis, whence 
arg/i(z) = argz + o(l) and h'(z)/h(z) = l/z + o(l/z) as z -> 0. □ 

Lemma 7.7. Let r > 0, (0,7r] and t e R. Let g be an analytic function on H(ip,r) with 

g'{z) = - + — r — + O ( 1 1 ) » as z ^ in H(ip,r), 

z zlogz \z\ log Zy ) 

for some c e R and 7 > 1. Then for each < <po < ipx < <p there exist ro, ri > 0, such that g 
is injective on H(<px,rx) and g{z) + te g(H((px,rx)) for every z e H((po,ro)- 

Proof. By the hypothesis on g, we have for Zx, z 2 £ H(cp, r), 

g(zx) - g(z 2 ) = log zx - log z 2 + J 0(1/2;) dz. 

Jzo. 



By Lemma 7.5 there exists therefore rx > 0, such that g is injective on H(ipx,rx). 
Since l/(x\ loga;| 7 ) is integrable near 0, we have 

g(z) = log 2: + clog(log ~) + o(l), as z -» 0, 

where we assume without loss of generalisation that the constant of integration is 0. It follows 
that ~Reg(z) — » —00 and Img(z) = argz + o(l) as z — > 0, since c e R. Hence, there exists an 
R 6 R, such that g(dH(<px,rx)) encloses the strip S = S-(R,ipx)- As in the proof of Lemma 



7.6 it follows that S a g(H(ipi,ri)). Furthermore, again by the asymptotics of Reg and 



Img, there exists ro > 0, such that g(s) + t e S for every s £ G((fo,ro). This concludes the 
proof. □ 

Lemma 7.8. Let w(z) be an analytic function on an open subset of C\(— 00, 0], such that 
w{z) — > as z — > and 

z = w + a2W 2 + • • • + a n w n + o(w y ), as z — > 0, 
for some n e N, 7 > n and a 2 , ■ ■ ■ , a n e C. T/ien f/iere exisi b 2 , ■ ■ ■ , b n e C, suc/i f/iaf 

iu (z) = 2 + 6 2 z 2 H h 6„z n + o(z 7 ), as z -> 0. 

Proof. For every i e N, we have by hypothesis 

z* = u/ + a M+ iu; l+1 H h a^to 11 + o(ii; 7 ), 

for some aj^+i; • • • ? fljn £ C. For 2 ^ A? ^ n, define recursively (with — 1) 

frfc = — {ai,k + b 2 a 2 ,k + ■ ■ ■ + bk-xa>k-i,k) ■ 

Then, z + b 2 z 2 + • • • + b n z n = w + o(w 7 ). The statement now follows from the fact that 
w(z) ~ z as z — > by hypothesis, whence o(w 7 ) = o(z 7 ). □ 
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Lemma 7.9. Let w{z) be an analytic function on an open subset of C\(— oo,0], such that 
w{z) — > as z — > and 

cz = w log i + Cw + o(iu) , as z — > 0, 

/or some constants c > 0, Ce C. T/ien 

cz / loglogi + C7-logc + o(l)\ 
w = t- 1 ; , as z —> [). 



Proof. Set /(z) = w{z)/z. By hypothesis, logz ~ \ogw = \ogz + log f(z), whence log f(z) 
o(logz). Now define g{z) by 

w { z ) = , f9{z), 

log - 

such that log#(z) = log/(z) — log log \ = o(logz). By hypothesis, 

cz ~ wlog^ = r^ySO) (log log | +log^ - log c- log #(») ~ czg(z), 
og z 

whence g{z) ~ 1, which implies log 5(2;) = o(l). It now follows from the hypothesis that 

C-Z f 

cz = T g(z) ( log log \ - log cz + C + o(l) 

log ± V 

whence 

/ loglogi + C-logc + o(l)\ 

9W= l 1 + iil j ' 

The statement now follows from the series representation of (1 + z) -1 at z = 0. □ 
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Branching Brownian motion with 
selection of the TV right-most particles 

1 Introduction 

In this chapter, we consider the A^-BBM, whose definition we recall: Given a reproduction 
law {q{k))k^o with m = ^(k — l)q(k) > and finite second moment, particles diffuse according 
to standard Brownian motion and branch at rate /3q = l/(2m) into k particles with probability 
q{k). Furthermore, we fix a (large) parameter iV and as soon as the number of particles exceeds 
N, we keep the TV" right-most particles and instantaneously kill the others. 

For a finite counting measure v on R, define for a e (0, 1) and N e N, 

qu^ (v) = inf{x e R : u([x, go)) < aN}. 

Furthermore, set 

poo 

x a = inf{x 5= : ye~ y dy < a}. 

Jx 

For iVeN large enough, we then define a at = log iV + 3 log log N and 

7T 2 _ 7T 2 37r 2 loglogiV / 1 \ 

< ~ ~ 2 log 2 N + log 3 N + °Vlog 3 iV/ 

ctnd set 

M^(t) = qu>f)- m t, 

where i/^ is the counting measure formed by the positions of the particles of iV-BBM at 
time t. Our main theorem is then the following: 

Theorem 1.1. Suppose that at time there are N particles distributed independently accord- 
ing to the density proportional to sin(7rx/oiv)e _:c l(o i ajv) i x )- Then for every a e (0,1), the 
finite- dimensional distributions of the process 

(M»(tlog 3 N)) t>0 

converge weakly as N — > oo to those of the Levy process {Lt + x a )ti>o with Lq = and 

rCO 

log£[e aLl ] = iAc + vr 2 e iXx - 1 - iXxl (x<1) A(dx). (1.1) 

Jo 

Here, A is the image of the measure (x~ 2 l( x> ty)dx by the map x >— » log(l + x) and c £ R zs 
a constant depending on the reproduction law q{k). 

For a motivation of why this process is interesting, we refer to the introductory chapter. 
In the next subsection, we present a detailed sketch of the ideas in the proof of Theorem [Ll] 
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1.1 Heuristic ideas and overview of the results 

In the introductory chapter of this thesis, we have outlined the semi-deterministic de- 
scription of the iV-BBM from |56j : Most of the time the system is in a meta-stable state, 
where the particles are approximately distributed according to the density proportional to 
e~ x sin(7ra;/log N)l^ ^ og ^(x). From time to time (with a rate of order log -3 N), a particle 
goes far to the right and reaches a point near defined above. This particle then spawns a 
large number of descendants (of the order of N), which leads to a shift of the front. Our proof 
of Theorem 1 1.1 1 is inspired by this description and by the article by Berestycki, Berestycki and 
Schweinsberg [23j, who made some of these ideas rigorous. We briefly recall their results and 
arguments. 

They consider BBM with absorption at the origin and with drift —^n- Their starting 
point is to introduce a second barrier at the point a^,A = &N — A for some large positive 
constant A and divide the particles at time t into two parts; on the one hand those that have 
stayed inside the interval (0, g^a), on the other hand those that have hit the point a^,A before 
hitting 0. This corresponds roughly to the division of the process into a deterministic and a 
stochastic part. Indeed, killing the particles at cln,a prevents the number of particles from 
growing fast and thus permits to calculate expectations and variances of various quantities. 
For example, if at time we have N particles distributed according to the meta-stable density, 
then the variance of the number of particles at the time log 3 N is of order of e~ A N 2 . For 
large A, the particles inside the interval (0, ajy a) therefore behave almost deterministically at 
the timescale log 3 N. Moreover, the leading term in the Fourier expansion of the transition 
density of Brownian motion (with drift —^n an d killed at the border of the interval (0, ojv,a)) 
is proportional to e^^ NX sm(irx/a,N,A), which explains the meta-stable density predicted by 
the physicists. 

As for the particles that hit djsf Ai the authors of [23j find that 1) the number of descendants 
at a later time of such a particle is of the order of e~ A NW, where If is a random variable 
with tail P(W > x) ~ 1/x, as x — ► oo and 2) the rate at which particles hit the right barrier 
is of the order of e A / log 3 N. Putting the pieces together, they then show that the process 
which counts the number of particles of the system converges in the log 3 ./V timescale to 
Neveu's continuous-state branching process^] and its genealogy to the Bolthausen-Sznitman 
coalescent. 

Our proof of Theorem 1 1 . 1 1 builds upon the ideas of (23] presented above. The basic idea is 
to approximate the iV-BBM by a BBM with absorption at a random barrier, which is chosen 
in such a way that it keeps the number of particles almost constant. We call the resulting 
system the "B-BBM" (B stands for "barrier"). The B-BBM takes two (large) parameters a 
and A, which have similar purposes than ajy,A an d A above. We then set fx = a/1 — vr 2 /a 2 and 
start with BBM with drift —\i and an absorbing barrier at the origin. Now, at the beginning, 
this barrier stays at the origin and does not move. When and only when a particle hits a 
and spawns a lot of descendants do we increase the drift to the left. This increase is in order 
to kill particles and thus make the population size stay almost constant. Note that moving 
the barrier to the right is an equivalent operation, but increasing the drift is technically more 
convenient. After the system has relaxed (which takes a time of order o 2 ) the drift is set to 
— fi again and the process is repeated. 



1. A continuous-state branching process (CSBP) (Z t )t^o is a time-changed Levy process without negative 
jumps: at time t, time is sped up by the factor Zt_. CSBPs are scaling limits of Galton- Watson processes 
and thus have an inherent notion of genealogy. Neveu's CSBP is the CSBP with Levy measure x~ 2 l( x> o) dx, 
whose genealogy is given by the Bolthausen-Sznitman coalescent |27j . As a wise reader, you have read the 
introductory chapter, such that you know what this coalescent is. 
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As in [23J, an important quantity is 

Z t = Y i w z {X u (t)), where w z {x) = aef^^ sin 



TTX 

a 



Here, we sum over all the particles u alive at time t and X u (t) denotes the position of the 
particle u at time t. The process {Zt)t^a is important because it is a martingale for BBM 
with absorption at and a and drift —fi. Furthermore, it gives the approximate number 
of particles at a time t » a 2 . More precisely, set N = \2ire A a~ 3 eV" a ] and suppose we kill 
particles at and a. The expected number of particles at a time t, with a 2 « t « a 3 , is then 
approximately Ne~ A Zo. Moreover, the variance is of the order of N 2 e~ 2A Zo. Therefore, if 
Zq <ss e A then the number of particles is concentrated around its expectation for large A. 

When a particle hits the right barrier at the time r, say, we absorb its descendants at the 
space-time line Jzf r : x = a — y + (1 — f-i)(t — r), where y is a large constant depending on A only 
(this idea comes from [23J). In doing so, the number of particles absorbed at the barrier has 
the same law as in BBM with drift —1 and absorption at —y, starting from a single particle at 
the origin. Moreover, the time it takes for all the particles to be absorbed depends only on y, 
not on a. Now, if the positions of the absorbed particles and Z' = ^i w z{xi), 

then the number of descendants of this particle at a later time is of the order of e~ A NZ' , 
provided that the drift stays constant. Consequently, we say that a breakout occurs, whenever 
Z' > ee A , where e will be chosen such that e « 1/A, 

In order to define a breakout properly, we classify the particles into tiers. Particles that 
have never hit the point a form the particles of tier 0. As soon as a particle hits a (at the 
time r, say) it advances to tier 1. Its descendants then belong to tier 1 as well, but whenever 
a descendant hits a and has an ancestor which has hit the line Jz? T after r, it advances to 
tier 2 and so on. Whenever a particle advances to the next tier, it has a chance to break 
out. We can then define the time T of the first breakout and will indeed show that T is 
approximately exponentially distributed with rate proportional to e a -3 . Interestingly, we 
will see that with high probability breakouts only occur from particles which are of tier or 1. 
In fact, the number of breakouts occuring from particles of tier 1 between the times and a 3 
is approximately proportional to A (and the remaining at e _1 breakouts occur from particles 
of tier 0). 

After the breakout, we will then increase the drift to the left slightly, in order to kill more 
particles than usual (remember that increasing the drift to the left corresponds to moving 
the barrier to the right). For this, we first choose a family of increasing smooth functions 
(f x )x^o with f x (0) = and / a; (+ 00 ) = % f° r all x > 0. Such a function will be called a barrier 
function. The drift after a breakout is then set to fit = fi + (d/dt)f&(t/a 2 ), where A is the 
total amount by which we have to move the barrier. Thus, the only randomness in the choice 
of the barrier is in its total shift, not in its shape. Looking at the definition of Zt and the 
fact that Zq » e , one easily guesses that we have to choose A = log(l + e~ A Z') in order 
to get Zt ultimately back to its initial value. This already explains the convergence of the 



barrier to the Levy process given by (1.1): On the one hand, we have Z' » irW, where W 
is the random variable mentioned above. This implies that the law of e~ A Z' conditioned on 
Z' > ee A is approximately ex^ 2 l^ x ^, £ ^ dx for large A and a.|^] On the other hand, we will 
show that breakouts occur at a rate proportional to e _1 a -3 . Together with the definition of 



A, this explains the Levy measure A(dx) in (1.1). One easily checks that the cumulants of 
this Levy process coincide with 

As for the shape of the barrier, it is determined by the fact that we want the number of 
particles at each time to be approximately N. By first-moment estimates, it will become clear 



2. The statement "for large A and a" means that we let first a, then A go to infinity, see Section 6.1 
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in Section [5.31 that the correct barrier function to choose is 

d 



f A (t) = log (l + (e A - 1)tt-V 2 '/ 2 ~0(M)) : 



where the theta function 6(x,t) is defined in (2.1). 



We remark that in order to study the B-BBM up to the time T of the first breakout, we 



need to study it conditioned to break out at time t for every t ^ 0. We will see in Section 6.4 
that this will lead to a decomposition of the particles into 1) a fugitive, which is conditioned 
to break out at t and which will effectively be a spine, and 2) the other particles conditioned 
not to break out before t. This is essentially a Doob transform of the process, which we will 



introduce in Section 3.4 Furthermore, we will see that the tier 1 particles will have an essential 
role: At the timescale a 3 they will lead to an additional shift of the barrier by an amount of 
the order of A. This term will play the role of the linear compensation that is necessary in 
order to obtain in the limit the Levy process of infinite variation stated in Theorem |1.1| 

We now describe how we use the results on the B-BBM in order to prove Theorem |1.1| 
Initially, our plan was to couple the 7V-BBM and the B-BBM, i.e. construct them on the same 
probability space. We would then assign a colour to each particle: blue to the particles which 
appear in the iV-BBM but not in the B-BBM, red to those that appear in the B-BBM but 
not in the iV-BBM, and white to the particles that appear in both processes. Our aim was 
then to show that the number of blue and red particles was negligible after a time of order 
a 3 . This, unfortunately, did not work out, because we were not able to handle the intricate 
dependence between the red and blue particles. 

Instead, we couple the iV-BBM with two different processes, the B b - and the B^-BBM, 
which are variants of the B-BBM and which bound the position of the iV-BBM in a certain 
sense from below and above, respectively. The B^-BBM is defined as follows: Initially, all 
particles are coloured white and evolve as in the B-BBM. A white particle is coloured red as 
soon as it has N or more white particles to its right. Children inherit the colour of their parent. 
After a breakout and the subsequent relaxation, all the red particles are killed immediately 
and the process restarts with the remaining particles. It is intuitive that the collection of 
white particles then bounds the iV-BBM from below (in some sense) because we kill "more" 



particles than in the iV-BBM. Indeed, in Section 10.1, we show by a coupling method that 
the empirical measure of the white particles in B^-BBM is stochastically dominated by the 
one of the iV-BBM with respect to the usual stochastic ordering of measures. It then remains 
to show that the number of red particles in B^-BBM is negligible when A and a are large. We 
do this through precise estimates on the number of particles in the interval [r, oo) for every 
r ^ 0. These allow us to estimate the expected number of particles which turn red at the 
point r. It turns out that this expectation is small enough, which permits to conclude. 

The definition of the B"-BBM, which is used to bound the iV-BBM from above, is more 
intricate than the one of B^-BBM. Again, we colour all initial particles white and particles 
evolve as in B-BBM with the following change: Whenever a white particle hits and has less 
than iV particles to its right, instead of killing it immediately, we colour it blue and let it 
survive for a time of order a?. More precisely, we cut time into intervals I n = [t n , t n+ \), with 
t n = Kna 2 for some large constant K. A particle which gets coloured blue during I n then 
survives until the time t n+ 2- At this time, all of its descendants to the left of the origin are 
killed and the others survive. It will turn out that this system bounds the iV-BBM from above 
with high probability and that the number of blue particles will remain negligible during a 
time of order a 3 , as long as A and a are large. 

We note that although our technique of bounding the iV-BBM from below and from 
above works well for the position of the particles, it does not give us information about the 
genealogy; the reason being that the coupling deforms the genealogical tree of the process. 
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Thus, although it should not be difficult to show that the genealogy of the B-BBM (and of 
the B b - and B^-BBM) converges to the Bolthausen-Sznitman coalescent we do not know at 
present how one could transfer this information to the iV-BBM. 



1.2 Notation guide 



This chapter is quite long and therefore also uses a lot of different notation. Below is a 
list of recurrent symbols, roughly in the order of their first appearance. Following this list are 
some further remarks about notational conventions. 



Symbol 

q(k) 

m 

A)_ 
9,9 
W x 

pf(x,y) 
E t 

I a (x,S),J a (x,S) 

W x w x,t,y 
vv taboo' vv t: 

N, N* 

U 



Cu) b u , du 

X u {t) 

px E x pi 



taboo 



%T 

L 

m 2 
W 

Pt(x,y) 

P /' E / 

wz(x) 

wy(x) 

Z t ,Y t 

N t 

Rt 

P,E 

S) 



(0 



Meaning 

Reproduction law 

m = lLk( k ~ ^O) 
Branching rate, /3q = l/(2m) 
Theta functions 

Law of Brownian motion started at x 

Transition density of Brownian motion killed outside [0, a] 
Error term 

Integrals related to Brownian motion killed outside [0, a] 

Law of Brownian taboo process and its bridge 

The set of natural numbers including and excluding 0, resp. 

The space of individuals 

A realisation of a branching Markov process 

Lifetime, birth and death times of an individual u 

Set of individuals alive at time t 

Position of the individual u at the time t 

Law of and expectation w.r.t. a branching Markov process 
(later: BBM) started at x or with particles distributed ac- 
cording to a finite counting measure v 
cr-algebra with information up to time t 
cr-algebra with information up to the stopping line Jz? 
Stopping line generated by a stopping time T 
A random variable with law q(k) 
m 2 = E[L(L - 1)] 

Seneta-Heyde martingale limit of BBM with absorption 

Density of BBM killed outside an interval 

Law of and expectation w.r.t. BBM with varying drift 

w z {x) = asin(7rx/a)e^ a )l (l . e[0ja]) 

wy{x) =e^ x - a h (x>0) 

Sums of wz(x),wy{x) over the positions of time t particles 
Number of particles at time t 
Number of particles hitting a up to time t 
Law/expectation of BBM weakly conditioned not to hit a 
Parameters of BBM before a breakout and B-BBM 
Stopping line of tier I particles at time t 

Stopping line of tier / particles hitting the critical line before t 

Stopping line of tier I particles hitting a before t 

Stopping line of descendants of (u, t) hitting the critical line 



Sect. 
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zf Sum of wz{x) over particles from 

Zt,Yt, Rt, Nt Zt = zj. ^ (from Section 6] on). Same for Yt, Rt and Nt 

Pb Probability of a breakout 

Q a P a conditioned not to break out 

Time of first breakout from tier I 
P, E (also P^,Ea) Law/expectation of BBM conditioned not to break out before 

some fixed time 
Zgj Sum of wz{x) over particles from 

9/ The fugitive (the particle which breaks out) 

JVt, .Jit The descendants of the fugitive at time t, whose most recent 

common ancestor with the fugitive is/is not a regular particle 
Zt, Zt Sum of wz(x) over particles from jVt and jVf, respectively 

Zt, Zt Value of Zt restricted to particles from JVt and resp. 

Zt Value of Zt restricted to particles not related to the fugitive 

A The total shift of the barrier after a breakout 

xl The position of the first n pieces of the barrier at time t (barrier 

process) 

Q n Beginning of the n + 1-th piece of B-BBM (i.e. time of the n-th 

breakout plus relaxation time) 
G n "Good event" related to the first n pieces of B-BBM 

7o 7o = (vrpBe 4 ) -1 . 



G<%, Cfug, G, 

G, Ga, G n bab 



Several good sets related to a piece of B-BBM 



From Section [5] on, the symbol C stands for a positive constant, which may only depend 
on the reproduction law q and the value of which may change from line to line. Furthermore, 
if X is any mathematical expression, then the symbol 0(X) stands for a possibly random 
term whose absolute value is bounded by C|X|. 

In Section [HJ we introduce two parameters A and a and will first let a then A go to 
infinity. This will be expressed by the statements "for large A and a we have. . . " or "as A 
and a go to infinity. . . " (see Section |6.1| for a precise definition). These phrases will become 
so common that in Sections [7] to [9] they will often be used implicitly, although they will 
always be explicitly stated in the theorems, propositions, lemmas etc. Section [6] furthermore 
introduces the notation o(l), which stands for a (non-random) term that only depends on the 
reproduction law q and the parameters A, a, e, rj, y and £ and which goes to as A and a go 
to infinity. 

Sections [8] and [9] each use special notation which only appears in those sections. This 
notation is defined at the beginning of both sections. Moreover, in both sections, we sometimes 
denote quantities which refer to descendants of the fugitive after a breakout by the superscript 
"fug". 



2 Brownian motion in an interval 

In this section, we recall some explicit formulae concerning real-valued Brownian motion 
killed upon exiting an interval. These formulae naturally involve Jacobi theta functions, since 
these are fundamental solutions of the heat equation with periodic boundary conditions. We 
will therefore first review their definition and some of their properties. 
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2.1 A function of Jacobi theta-type 

We define for x £ R and t > the following function of Jacobi theta-type: 



e(x,t) 



71=1 



e -2-n't 



cos(7rnx). 



(2.1) 



The definition (2.1) is a representation of as a Fourier series, which is particularly well 



suited for large t, but which does not reveal its behaviour as t — ► 0. This is where the following 



representation comes in, which is related to (2.1 ) by the Poisson summation formula (see |17] . 

neZ 



2irt 



One recognises immediately that for real x and t, 8(x, t) is the probability density at time 
t of Brownian motion on the circle R/2Z started at 0. In other words, 9{x, t) is the unique 
solution to the PDE 

J tU (x,t) = l(l) 2 u(x,t) (PDE) 

u(x,t) = u(x + 2,t) (BC) (2.3) 

«M+) = 2nez^-2n) (IC), 

where <5(x) denotes the Dirac delta-function. This is the heat equation with periodic boundary 
condition and the Dirac comb as initial condition. Note that (PDE) and (BC) also follow 



directly from (2.1). 
We define 



6{t) 



TT 



which is a smooth function on R + . By (2.1) and (2.2), one can show that 9 is stricly increas- 
ing^] with 0(0) = and 0(+oo) = 1. 

2.2 Brownian motion killed upon exiting an interval 

Various quantities of Brownian motion killed upon exiting an interval can be expressed by 
theta functions. For ieR, let W x be the law of Brownian motion started at x, let (Xt)t^o 
be the canonical process and let H y = inf{t > : Xt = y}- For a > and x 6 [0, a], denote by 
^killed a ^ ne ^ aw °^ Brownian motion started at x and killed upon leaving the interval (0, a). 
Let pf(x,y) be its transition density, i.e. 

p?(x, y)dy = W&^^Xt e dy) = W x (X t e dy, H AH a >t), x, y e [0, a]. (2.4) 

Then pf(x, y) is the fundamental solution to the heat equation (PDE) with boundary condition 

u(0,t) = u(a,t) = 0, t^0. 

Hence (see also [96], Problem 1.7.8 or |41j . formula 1.1.15.8), 

x — y t \ n f x + y t 



p?(x,y) = a- L (9 



(2.5) 



3. More precisely, by elementary computations, (2.1 1 gives to e R+, such that 9 is strictly increasing on 



(to,°o) and (2.2 1 gives ti > to, such that 6 is strictly increasing on [0,ti) 
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Equation (2.1) then yields 



Pi 



1 sin(vrn-) sin(-7rn-). 



(2.6) 



71=1 



This representation is particularly useful for large t: Define 



(n 2 -l)t/2 



(2.7) 



n=2 



By (2.6) and the inequality | sinnx| < nsinx, x £ [0, 7r], one sees that 



J* 9 

ez°? Pt(x, y) sin(7rx/a) sin(7ry/a) 

a 



^ E t j a 2- sin(7rx/a) sin(7ry/a) . 



(2.8) 



Note that the Green function (see e.g. [100] . Lemma 20.10, p379) is given by 

poo . rH AH a . 

J q p?(x,y)dt = W x {] l {Xt Edy)dtj/dy = 2a' 1 (x a y){a - x v y). 

Set H = Hq a H a and define 

r»(x) = W X (H e dt, X H = a)/dt. 
Then (see |41| . formula 1.3.0.6), 



(2.9) 



(2.10) 



(2.11) 



where 6' denotes the derivative of 9 with respect to x. 

The following two integrals are going to appear several times throughout the article, which 
is why we give some useful estimates here. For a measurable subset S a R, define 



I a (x,S) = W x (e^ Ha l {Ho>HaeS) 



Sn(0,oo) 



e^ s r a s (x)ds, 



and 



J a (x,y,S) = f 
which satisfy the scaling relations 

'x S 



Sn(0,oo) 



e^ s p a s (x,y)ds, 



i a (*, s) = /(-, 4) , J a (*, V, S) = aj(-, y., 4) 



(2.12) 
(2.13) 

(2.14) 



with I = I 1 and J = J 1 . The following lemma provides estimates on I(x, S) and J(x, y, S). 

Lemma 2.1. There exists a universal constant C, such that for every x e [0,1] and every 
measurable S a R + , we have 



\I(x, S) — tt\(S) sin(7rx)| ^ C[x a E- m f 5(1 a \{S)) sin(7ra;) 



and 



\J(x,y,S) - 2A(5) sin(7rx) sin(7ry)| s; C[[{x a y){\ - (x v y))] a E inf s sin(7rx) sin(7ry) ) , 



where X(S) denotes the Lebesgue measure of S and E in fs is defined in (2.7). 
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Proof. First note that I(x, •) is a positive measure on R + for every x e [0, 1], such that we 



have by (2.12) 



^ I(x, Sn[0,l])< I(x, [0, 1]) sc W (e^^ 1 l {Ho >H ie [o,i])) < ^ , 

since the scale function of Brownian motion is s(x) = W X {H\ < Hq) = x. Furthermore, 
decomposing I(x, S) into 

I(x, S) = I(x, S n [0, 1]) + I(x, S n (1, oo)), 

it is enough to prove that \I(x, S) — tt\(S) sin(7rx)| < C(l a X(S))Ei n { s sin(7rx) for all S with 



inf S > 0. Now, by (2.11) and A2.1 



I{x,S) = f e^ s e'{x,s)ds = vr f V 
Js Js n=1 



e-V^-^r-D^-insinfTrnxIds 



= ir\(S) sin(Trx) + tt J] (J - 1 ) s dsjn(-l) n - 1 sin(vrnx), 

where the exchange of integral and sum is justified by the uniform convergence of the sum for 
s ^ inf S. We now have for n ^ 2, 



Js Ji: 



inf/ tt^-I) 



e 2 



^(n 2 -l)inf S 1 



as well as 



Js 



^-(n 2 -l)inf S 



Furthermore, we have for n ^ 2, 



|n(— l) n sin(7rrtx)| < n 2 sin(7rx) sC 2(n 2 — l)sin(7rx). 



It follows that 



\I(x,S) — tt\(S) sin(7rx)| ^ (— a 7rA(S))i?i n f 5 sin(7rx). 

7T 



This proves the statement about /. The proof of the statement about J is similar, drawing 



on (2.6) instead and on the following estimate: 



^,y,[0,l])= e^ t p t (x,y)dt^e~ \ p t (x, y) dt = e^{x a y)(l - (» v y)), 
Jo Jo 



by (2.9). 



□ 



2.3 The Brownian taboo process 

The Markov process on (0, a) with infinitesimal generator 

1 / d \ 2 TT ^TTX d 

2 \dx J a a dx 

is called the Brownian taboo process on (0,a). It is a diffusion with scale function s(x) and 
speed measure m(dx), where 



six) = — cot 



7T TXX . , 2a . 2 7TX 

and m(da;J = — =- sin — dx. 
a a tt 2 a 



(2.15) 
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The singular points and a are therefore entrance-not-exit. For x e [0, a] we denote the law 
of the Brownian taboo process on (0, a) started from x by W^ aboo a . Often we will drop the a 
if its value is clear from the context. 

The name of this process was coined by F. Knight [104] who showed that it can be 
interpreted as Brownian motion conditioned to stay inside the interval (0, a) (hence, and 
a are taboo states). The Brownian taboo process is also known as the three-dimensional 
Legendre process, because of its relation to Brownian motion on the 3-sphere (see [96], p270). 
The 3-dimensional Bessel process is obtained by taking the limit in law as a — > oo. Note that 
the normalisation of the scale function and speed measure in (2.15) was chosen in such a way 
that they converge, respectively, to the scale function and speed measure of the 3-dimensional 
Bessel process, as a — > oo. 

Below we list some useful properties of the Brownian taboo process: 

1. It satisfies the following scaling relation: If Xt is a Brownian taboo process on (0, 1), 
then aX t i a 2 is a Brownian taboo process on (0, a). 

2. It is the Doob transform of Brownian motion killed at and a, with respect to the 
space-time harmonic function h(x,t) = sin(-7rx/a) exp(7r 2 i/(2a 2 )). In other words, for 
x E (0,a), Wfaboo ^ S obtained from W&n d by a Cameron-Martin-Girsanov change of 
measure with the martingale 

/ . 7T2\-1 . TxX t 7T 2 

Zt = sin — sin exp — ~t. 

\ a J a 2gt 

3. As a consequence, its transition probabilities are given by 



2 

rt 



p taboo(0 ia)(X)2/) = WtlhooAXt £ dy)/dy = ^'') ( - ///(.<■//}. (->1(0 

olll I / 1 Jb I (Ji I 



Equation (2.8) now implies that 

2 
a 



p? hoo{ °' a) (x,y) = - S m 2 (7ry/a)(l + 0{l)E t/a? ), for all x,y e [0,a], (2.17) 



4. As can be seen from above or directly, it admits the stationary probability measure 

(m(0, a)) _1 m(dx) = 2/asin 2 (7rx/a) dx. 

5. If W^boo denotes the taboo bridge from x to y of length t, then W^^ = W^ied D Y the 
second property. 

6. As a consequence, the taboo process is self-dual in the sense that for a measurable 
functional F and t > 0, we have 

<aboo^((^;0 < s < t))] = W^* o [F((X t - s ;0< s ^ t))]. 

The following lemma will be needed in Sections [6] and [7] 

Lemma 2.2. Let c > and define k(x) = e~ cx . There exists a constant C , depending only 
on c, such that we have for every x, y e [0, a], 



W? 



taboo 



J k(X s )ds s$ C(t/a 3 + err(x)). 



(2.18) 



and for t^o? 



w x,ty 

taboo 



J k(X s ) ds < c(t/o? + err(x) + err(y)) , (2.19) 
with err(z) = 1 a z^ 1 . If t ^ a 2 , we still have, 

f k(X s )ds] < C. (2.20) 
Jo J 



t 

rx,t,y 
taboo 
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Note: one could probably show by induction that the law of the integral is dominated by 
an exponential law, by showing that its moments are bounded by C n n\. 



Proof. We first show that (2.18) implies (2.19). By the self-duality of the taboo process, we 
have 

-t/2 rt/2 



^taboo 



f k(X s 
Jo 



ds 



w x,t,y 

taboo 



rt/z 

k(X s 

JO 



ds 



^'taboo 



I 

Jo 



k(X s ) ds 



ds 



It therefore remains to prove that 

Conditioning on a(X s ; ^ t ^ t/2), this integral equals 

-p$°°{X t/2 ,y) rt/2 



rt/2 

k{X s ) 

Jo 



s; C(t/a 3 + err(x)). 



E(x,y) = WZ 



taboo 



Pi 



taboo i 



rt/Z 

k(X s 
JO 



ds 



By (2.17), there exists a universal constant C, such that for t > a 2 , 

-t/2 



E(x,y)^CW t x ah0 



r 

k{X s ) ds 

Jo 



Equation (2.18) therefore implies (2.19). 

Heuristically, one can estimate the left side of (2.18) in the following way: Since k{x) is 
decreasing very fast, only the times at which X s is of order 1 contribute to the integral. When 
started from the stationary distribution, the process takes a time of order a 3 to reach a point 
at distance O(l) from |111| and it stays there for a time of order 1, hence the integral is of 
order t/a 3 . When started from the point x, an additional error is added, which is of order 1, 
when x is at distance of order 1 away from 0. Adding both terms gives the bound appearing 
in the statement of the lemma. 

The exact calculations are most easily performed in the following way. Let Y be a random 
variable with values in (0, a) distributed according to m(dx) : = 2/asin 2 (7rx/a) dx, which is 
the stationary probability measure of the taboo process. Let Hy = inf{£ > : X s = Y}. We 
then have 



taboo 



f k(X s )ds 
Jo 



taboo 



taboo 

= : h + I 2 . 
By the inequality sin a; sC x for x > 0, 



rH Y 

k(X s ) 

Jo 

rH Y 

k{X s ) 

Jo 



ds 
ds 



f k(X s 

JH Y 



ds 



^taboo 



f k(X s ) ds 
L Jo 



ra rco 

h=t \ m(dy) k{y) dy ^ 2vr 2 t/a 3 e" cy (l + y)y 2 dy < CT/a 3 , 
Jo Jo 

for some constant C depending only on c. 

Recall the definition of scale function and speed measure in (2.15). Define the Green 
functions 



G Vt a(x, z) = s{x a z) — s(y) and Go t y(x, z) = s(y) — s(x v z). 
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We then have (see e.g. |129j . Chapter 3, Corollary 3.8), 

rx ra ra ry 

h = m(dy) m(dz)G yi a(x, z)k(z) + m(dy) m(dz)Go } y(x, z)k(z) 
Jo Jv Jx Jo 



)0 Jy 



(2.21) 



By Fubini's theorem, the first term in (2.21) is easily bounded by 

111 ^ m(dz)k(z) m(dy)[s(z) - s(y)], 
Jo Jo 

and noticing that sign(s(z)) = -l( z<a /2) + l(z>a/2), we S et 

ra rz ra rz 

In ^ m(dz)s(z)k(z) rh(dy) + m{dz)k{z) m(dy)(—s(y)) 
Ja/2 Jo Jo Jo 

^C/a 3 ( f z 4 k{z)dz+ [ z 4 k(z)dz) 

V Ja/2 Jo ' 

< C/a 3 , 

where again we made use of the inequality sinx < x for x > 0. 

For the term J12 a little bit more care is needed. Using the fact that $"m(dy) 1, we 
have 

ra ry rx ra/2 

I12 ^ fh{dy)s{y) m{dz)k{z) + (-s(x) v 0) m{dz)k{z) + m(dz)\s(z)\k(z) 
Jx Jo Jo Jx 

= '■ Il21 + I\22 + Il23- 

To estimate the first two terms, note that 

ry r a 

m(dz)k(z) sS C(l a y 3 ), and m(dy)s(y) sC C/a. 

Jo Jx 

such that 

/121 +/122 ^ C(l/a+ (1 a x 3 ){-s{x) v 0)) «S C(l/a+ (1 a aT 1 )), 
because — s(x) < 1/x for a; e [0, a]. The third term is seen to be bounded by 

rco 

h23^C\ zk{z)dz^C{l + x)e- cx . 

Jx 

Altogether, we get 

f KXs) • 

Jo 



taboo 



ds 



sS C[t/a 6 + l/a + err(x) 



This proves (2.19) and therefore (2.18). 

In order to prove (2.20), a different method is needed. We may assume that x, y < a/2, 
otherwise we decompose the path at the first and/or last time it hits a/2 and bound the parts 
above a/2 trivially by a 2 e~ ca / 2 = 0(1). The transition density of the taboo bridge can be 
written 

Ps(x,z)pf_ s (z,y) 



<£ V oo[Xsedz 



pf{x,y) 



dz. 
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If we denote by Pt(x,y) = (27rt)~ 1//2 exp(— (z 2 + x 2 )/2t)2 smh(zx/t) the transition density 
of Brownian motion killed at 0, then we have the trivial inequality Pt(x,y) =S p®(x,y) and 
furthermore p%(x,y) > Cp®(x,y) for x, y < a/2 and t ^ a 2 by Brownian scaling. It follows 
that 

r rt 

s; CR x ' t,y 



W x,t,y 
taboo 



f k{X s ) 
Jo 



ds 



Jo 



ds 



where R x > t > y denotes the law of the Bessel bridge of dimension 3. This Bessel bridge is the 
Doob transform of the Bessel process started at x with respect to the space-time harmonic 
function h y (z, s) = p®_ s {z, y)/p^(x, y). By the standard theory of Doob transforms, this is the 
Bessel process with additional drift 



d_ 
dz 



(log h y {z,s)) 



d i ■ u z y 

— log smli 

dz t — s 



coth 



zy 



This in an increasing function in y and standard comparison theorems for diffusions (see e.g. 
[129J, Theorem IX. 3. 7) now yield that for y\ ^ y%, we have 

R x ^[k{X s )} sc R x ^[k{X s )l 



since k is a decreasing function. This is true in particular for y\ = 0. Using the self-duality 
of the Bessel bridge, we can repeat the same reasoning with x. We thus have altogether 



^'taboo 



Jo 



ds 



sc CR 



o,t,o 



f k{X s 
Jo 



ds 



for any x, y < a/2. This calculation can be done explicitly and yields (2.20). 



□ 



3 Preliminaries on branching Markov processes 

In this section we recall some known results about branching Brownian motion and branch- 
ing Markov processes in general. 



3.1 Definition and notation 

Branching Brownian motion can be formally defined using Neveu's marked trees |122j as 
in |62j and |61j . We will follow this path here, but with slight differences, because we will 
need to consider more general branching Markov processes and the definition of branching 
Brownian motion in |6T] formally relied on the translational invariance of Brownian motion. 

We first define the space of Ulam-Harris labels, or individuals, 

U= {0W |J N* n , 

where we use the notation N* = {1, 2, 3, . . .} and N = {0} u N*. Hence, an element u £ U is 
a word over the alphabet N*, with being the empty word. For u,w £ U, we denote by uw 
the concatenation of u and w. The space U is endowed with the ordering relations < and < 
defined by 

u < v 3w e U : v = uw and u < v <^^> u < v and u # v. 

A tree is by definition a subset tc [[, such that 1) e t, 2) u £ t and v < u imply wet and 
3) for every u £ t there is a number k u £ N, such that for all j £ N*, we have uj £ t if and only 
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if j < k u . Thus, k u is the number of children of the individual u. We denote the space of trees 
by & and endow it with the sigma-field srf generated by the subsets ^ u = {ie : u e t}. 
For a tree t e S? and u e t, we define the subtree rooted at u by 

t(") = {veU :uvet}. 

Given a measurable space a marked tree (with space of marks is a pair 

t^ = (t, (%;«6t)), 

where t e J and i] u e ^# for all net. The space of marked trees is denoted by S?^ 
and is endowed with the sigma-field si"* = tt~ 1 (s/), where n : Sf^ — > 2? is the canonical 
projection. Accordingly, we also define S/~^f = 7r _1 (^). The definition of a subtree extends 
as well to marked trees: For u 6 t, we define 

For our purposes, the space of marks ^ is always going to be a function space, namely, 
for a Polish space £ and a cemetary symbol A ^ we define the Skorokhod space D(S') of 
functions S : [0, oo) — > u {A} which are right-continuous with left limits, with 2(0) + A 
and for which E(t) = A implies E(s) = A for all s ^ t. Then we define ((E) = inf{i > : 
= A}. For an individual u e U, its mark is denoted by E u and we define Q u = ((E u ). 
The branching Markov process will then be defined on the space (we suppress the superscript 
D{£)) 

n = = (t, (H u ; u e t)) e : e 17 VI < i < fc u : C„ < oo => H U (C„-) = 3^(0)}, 

endowed with the sigma-field # = Q, n £/ D ( # ) generated by the sets ft M = n 5^. We 
define for u e U the random variables 

bu = Cm d u = b u -\- Q u = 

D<U V<U 

which are the birth and death times of the individual u, respectively. We then define the set 
of individuals alive at time t by 

Jf{t) = {u £ t : b u sc t < 

The position of u at time i is defined for u e t with d u > t by X u (i) = — where v e U 
is such that t> e jVit) and v < u. If d u < i, then we set X u (i) = A. 

Now suppose we are given a defective strong Markov process X = (Xt)t^o on S, with 
paths in D(S). The law of X started in x e $ will be denoted by P . For simplicity, we 
will assume that for every x 6 <o , we have C(^) < co, P -almost surely. Furthermore, let 
((q(x, k))keN)xeS" be a family of probability measures on N, measurable with respect to x. 
Then we define the branching Markov process with particle motion X and reproduction law 
q as the (unique) family of probability measures (P x ) xe g on Q, which satisfies 

p(d W )=?(di ) g (i (c -),fc )np x fe-)(d W w). (3.i) 

i=i 

Note that by looking at the space-time process (Xt,t)t^o, we can (and will) extend this 
definition to the time-inhomogeneous case. 
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3.2 Stopping lines 

The analogue to stopping times for branching Markov processes are (optional) stopping 
lines, for which several definitions exist. For branching Brownian motion, they have first 
been defined by Chauvin |61| . the definition there is however too restricted for our purposes. 
Jagers |97| has given a definition of more general stopping lines for discrete-time branching 
processes; our definition will in fact mix both approaches. Note also that Biggins and Kypri- 
anou [33j build up on Jagers' definition of stopping lines and define the subclasses of simple 
and very simple stopping lines (again for discrete-time processes). Chauvin's definition then 
corresponds to the class of very simple stopping lines. 

We first define a (random) line (called "stopping line" in |97| ) to be a set £ = £{oS) a 
U x [0, oo), such that 

1. u £ ^V{t) for all (it, t) e I and 

2. (u, t) £ I implies (v, s) $ £ for all v < u and s < t. 

Note that a line is at most a countable set. For a pair (it, t) e U x [0, oo) and a line £, we write 
£ < (u, t) if there exists (y, s) £ £, such that v < u and s ^ t. For a subset A a U x [0, oo), we 
write £ < A if £ < (u,t) for all (u, t) e A. If £\ and £2 are two lines, we define the line £\ a £2 
to be the maximal line (with respect to <), which is smaller than both lines. 
We now define for each u e U two nitrations on Q u by 

& u {t) = (n u n (t(H u (s);0 < s v \J {n v n ct(E„)) 

v<u 

^[t) = (fl u n a(~ u (s);0 < s < t - &„)) v \/ (Q v n a(S„)). 

Informally, J^" u (i) contains the information on the path from it to the root between the times 
and t, and <^u(t) contains this information and of all the other particles excluding the 
descendants of u. In particular, we have & u {t) c J^ re (i) The filtration & u {t) is denoted 
by &/ u (t) in Chauvin's paper |61j and corresponds to the pre-{u,t)-sigma- algebra as 

defined by Jagers [97] , 

We can now define a stopping line ("optional line" in |97| ) Jz? to be a random line with 
the additional property 

3a. V(tt,i) £ U x [0,oo) : {oo e Q u : ££ < (u,t)} £ ^ vc {t). 

The sigma-algebra J^_jf of the past of Jzf is defined to be the set of events E £ & ', such that 
for all (u,t) e U x [0,oo), 

£n{wefi u :^< (u,t)} £ ^ rc {t). 

For example, for any t ^ 0, the set J^(t) x {i} is a stopping line. This permits us to define 
the filtration (&t)t^o by 

Following Biggins and Kyprianou [33J, we now say that Jz? is a simple stopping line or a very 
simple stopping line, if it satisfies the property 3b or 3c below, respectively: 

3b. V(u, t) e U x [0, 00) : {uj e fi u : Jz? < (it, t)} e ft u n J^. 

3c. V(n,t) E[/x[0,oo):{weO u :if < (u,t)} £ 

Then -JY{t) x {i} is obviously a very simple stopping line. Furthermore, if T : D{£) — > R + is 
a stopping time|^] then 

&r = {(«,*) e[/x[0,oo):ne jY(t) and i = T(X U )}} 
4. In other words, {T(S) s£ t} e <j(E(s); s e [0, t]) for every t > 0. 
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is a very simple stopping line as well. We recall that the definition of stopping lines in [61J is 
equivalent to the definition of very simple stopping lines given here. 

The first important property of stopping lines is the strong branching property. In order 
to state it, we define for t ^ 0, u e jY(t), 

with 3„(-) = + t — b u ) and r! uv = z* uv for v e t^\{0}. The strong branching property ( |61| 
Proposition 2.1], |97| Theorem 4.14]) then states that for every stopping line Jzf . conditioned 
on J^jj?, the subtrees uj^- u,t \ for (u, t) e «Sf, are independent with respective distributions 

3.3 Many-to-few lemmas and spines 

Another important tool in the theory of branching processes is the so-called Many-to-one 
lemma and its recently published extension, the Many-to-few lemma |88j along with the spine 
decomposition technique which comes along with it and has its origins in [113] . although it 
appeared implicitly in the literature before that, see e.g. the references in the same paper. 
Here we state stopping line versions of these lemmas, which to the knowledge of the author 
have not yet been stated in this generality in the literature, although they belong to the 
common folklore. We will therefore only sketch how they can be derived from the existing 
literature. 

We assume for simplicity that the strong Markov process X admits a representation as 
a conservative strong Markov process X with paths in D{&), which is killed at a rate R(x), 
where R : $ — ► [0, oo) is measurable. The law of X started at x is denoted by P x and the 
time of killing by Given a stopping time T for X, we can then define a stopping time T 
for X by setting T = T, if T < £ and T = co otherwise. For simplicity, we write JOr for 
££jt. Finally, for every x e define m{x) = ^ k ^ (k ~~ k), mi(x) = Yik^o ^q(x, an d 

ni2(x) = Xi fe0 k(k - l)q(x, k). 

We are now going to present the spine decomposition technique, following [86J. They 
assume that q(x, 0) = 0, but this restriction is actually not necessary, as noted in |88| . Given 
a tree t, a spine of t is an element of the boundary of t, i.e. it is a line of descent £ = (£o = 
0, £l, £2, • • •) from the tree, which is finite if and only if the last element is a leaf of the tree. 
We augment our space Q to the space O* by 

f2* = {(uj, £) : uj e fi, £ is a spine of the tree underlying ui} 

We are going to denote by £t the individual u e U that satisfies u e -jV{t) and u e £ if it 
exists, and £t = otherwise. Instead of the redundant X% t (t), we write Xf(t). We also note 
that the definition of stopping lines can be extended to fi* by projection. 

Now, for every x £ $ , one can define a probability measure P*' x on 0* in the following 
way: 

— Initially, A^(0) = x. 

— The individuals on the spine move according to the strong Markov process X and die 
at the rate m\{y)R{y), when at the point y e $ . 

— When an individual on the spine dies at the point y e it leaves k offspring at the point 
where it has died, with probability (mi(x))~ 1 kq(x, •) (this is also called the size-biased 
distribution of q(x, -)[^]). 

— Amongst those offspring, the next individual on the spine is chosen uniformly. This 
individual repeats the behaviour of its parent (started at the point y). 

5. The size-biased distribution of the Dirac-mass at is again the Dirac-mass at 0. 
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— The other offspring initiate independent branching Markov processes according to the 
law P y , independently of the spine. 
This decomposition first appeared in [62J. 

If we start with n initial particles 1, . . . ,n at positions x±,... ,x n , we can extend this 
definition by defining a (non-probability) measure P*, which is the sum of n probability 
measures P* + • • • + P* , where under P* , the particle i follows the law ~P*< Xi and the remaining 
particles j i follow the law ~P x i . 

We now have the important 

Lemma 3.1 (Many-to-one). Let Jz? be a simple stopping line. Define T by (£t,T) e Jzf if it 
exists, and T = go otherwise. Let Y be a random variable of the form 

where Y u an 3 ~% -measurable random variable for every u £ U. Then 



E[ 2 Y. 



Ye ^ R(X i (t))m(X 6 (t))dt 1 



(T<oo) 



(3.2) 



Proofs of this result can be found for fixed time in |108j , |86j or [88] . With simple stopping 
lines, it has been proven in the discrete setting |33^ Lemma 14.1] and their arguments can be 
used to adapt the proofs in |86j and |88j to yield the result stated here. 

Often, we will use a simpler version of the Many-to-one lemma, which is the following 

Lemma 3.2 (Simple Many-to-one). Let T = T(X) be a stopping time for the strong Markov 
process X which satisfies P X (T < go) = 1 for every x e $ . Let f : S — * [0, oo) be measurable. 
Then we have 



W[ 2 /(*„(*))' 

(u,t)e£> T 



E x 



o y R(X t )m(X t )dtf( Xll 



The next lemma tells us about second moments of sums of the previous type. To state 
it, we define for a stopping time T for X the density of the branching Markov process before 
by 



PT (x,dy,t) = B x [ ^ 1 



(X u (t)edy, t<T(X u )) 



(3.3) 



Lemma 3.3. Let H be the hitting time functional of a closed set F a $ on D($) which 
satisfies P X {H < go) = 1 for every x e $ . Let f : <§ — > [0, go) be measurable. Then we have 



W 



( 2 

(u,t)e£> H 



2i 



= E*[ ^ (f(Xu(t))) 

(u,t)eJ? H 

£° ^p H (x,dy,s)R(y)m 2 (y)(E y [ £ f(X u (t)) 



(u,t)eJC H 



ds (3.4) 



Remark 3.4. This lemma can be proven using the Many-to-few lemma from [88j (which is 
valid for stopping lines as well by the same argument as the one above) or with Lemma |3.1| 
by noting that 

( 2 /(*„(*)) 
{u,t)eJZ H 



^ (f(X u (t))f+ ^ (/(*•(*)) S /(*«(«)) 
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It also has an intuitive explanation (see, e.g. the proof of Proposition 18 in |23j): Write the 
above sum slightly differently as 

2 = 2 {f{X u {t))f+ 2 f(X u (t))f(X v (s)), (3.5) 



2 f{X u {t)) 

(u,t)eJ? H 



Now, a particle at the point y spawns an expected number of R(y)m,2(y) ds of ordered pairs 
of particles during the time interval [s, s + ds], and by the strong branching property, the two 
particles in a pair evolve independently. This yields (3.4). Note that this heuristic argument 
can be seen as a decomposition of the ordered pairs of particles in the second sum in (3.5) 
according to their most recent common ancestor, an approach which can be made rigorous in 
a discrete setting. 

Taking for X the space-time process (Yt,t)t^o of a possibly non-homogeneous strong 
Markov process (l^)t^o with paths in D{S') and the closed set F = t§ x {i}, for some t ^ 0, 
we obtain the following useful corollary, which appeared already in [140J and |132] in the 
homogeneous case. 

Lemma 3.5. Let f : <§ x R + — » [0, go) be measurable and let t ^ 0. Then we have 

2i 



E (I ' 0) [( 2 f(Y u (t),t))]=B^[ 2 (f(Y u (t),t)f 



ue^V(t) 



("* f p(x,dy, s)R(y,s)m 2 (y, s)(e^ s )[ £ f(Y u (t), t)]Y ds (3.6) 
JO J<£ „,_ ,//,\ 



3.4 Doob transforms 

As in the previous subsection, we assume for simplicity that the strong Markov process 
X admits a representation as a conservative strong Markov process X with paths in D{S'), 
which is killed at a rate R(x), where R : $ — » [0, go) is measurable. Let H be the hitting time 
functional of a closed set F a <g on D($). Furthermore, let h : F — ► [0, 1] be a measurable 
function. We extend the function h{x) to £ by setting 

h(x) = E x [ Y\ h(X u (t)) , 

(u,t)eJ? H 

We are going to assume that h{x) > for all x e S\F. Then for all such x we can define a 
law on f2 by 

P£(du,) = {h{x)Y l \\ h(X u (t))xP x (du;), 

where the multiplication is in the sense of a Radon-Nikodym derivative. Now define 

(x)h(x) k ^ 1 



Q( x ) = Yi <l( x )K a 



sk-l 



and qh(x,k) 



fed 



Q(x) 



By (3.1), we now have (dropping the symbol for better reading and setting H = H(X0)) 



h(x)PUdco) = P x (dX)(l (/ , <c) / i (X(i7)) (7 (X(C-),A;)nP X( ^ ) (da; (i) ) 

i=i 

+i { ^ H) h(x((-)) k q (x((-),k)yiP x «-\dj^ n h(x u (t))). 
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If we denote by X H the process X stopped at H, and the law of X H under P x by (P X ) H , 
then the last equation and the strong Markov property give 



h(x)P%(du) = (P^(dX»)(l {H<0 h(X(H)) + l (c<H) h(X(C-))Q(X(S-)) 

k (3.7) 
x(l (H<c) P*W(da/0^)) + l { ^ H) q h (X(C-),k)Y\P^-\d^)). 

In particular, integrating over k, wW, % = 1,2,..., and for t e [if,C), 

we get that 

%) = (£T(i (h<c) mx(#)) + i (c<fl) MX(c-))Q(*(c-))). 

We can therefore define a law on the paths in D(£") stopped at H by 

p x h {dx) = (/ i (x))- 1 (i (H(x)<0 / l (x(if)) + i (c ^ (x)) MX(c-))Q(X(c-))) >< (^T(dX), 



where the multiplication is again in the sense of a Radon-Nikodym derivative. Then (3.7) 
yields the following decomposition of the law P^: 

— As long as a particle has not hit the set F yet, it moves according to the law P h . If 
it gets killed at the point y, it spawns k offspring according to the law qh(y, ■), which 
initiate independent branching Markov processes according to the law PY. 

— When a particle hits the set F at the point y, it continues as a branching Markov process 
according to the law ~P V . 

If R{x) = R, one gets a simpler characterisation of the law P h : In this case, h(x) is a harmonic 
function for the law of the stopped process X H under P x , whence we can define the Doob 
transform 

P%(dX) = (h(x))- l (l (H = x) + l (H<x) h(X(H)))p*(dX H ). 

Then the law P\ is obtained from the law P? by killing the process at the time-dependent 
rate RQ{x)l {t<H) . 



4 BBM with absorption at a critical line 

From this section on, q{k) will denote a law on {0, 1,2,.. .} and L a random variable with 
law q{k). We define m = E[L — 1] and 7712 = E[L(L — 1)] and suppose that m > and 
m2 < oo. We study the branching Markov process where, starting with a single particle at 
the origin, particles move according to standard Brownian motion with drift —1 and branch 
at rate /3q = l/(2m) into k particles according to the reproduction law q(k). At the point 
—y, we add an absorbing barrier to the process, i.e. particles hitting this barrier are instantly 
killed. Formally, we are considering the process up to the stopping line where H— y 

is the hitting time functional of the point —y. It is well-known since Kesten |102| that this 
process gets extinct almost surely. As a consequence, the number of particles absorbed at the 
barrier, i.e. the random variable 

is almost surely finite. By the strong branching property and the translational invariance 
of Brownian motion, one sees that the process (N y ) y ^Q is a continuous-time Galton-Watson 
process, a fact which was first noticed by Neveu |123] (see |14| . Chapter III or [89], Chapter V 
for an introduction to continuous-time Galton-Watson processes). Let u(s) be its infinitesimal 
generating function. Neveu stated that u = ip' o tp , where tp is a so-called travelling wave 
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of the FKPP (Fisher-Kolmogorov-Petrovskii-Piskounov) equation: Write f(s) = ^f,s k <l{k). 
Then ^ is a solution of the equation 

= A)(V-/°V>), (4-1) 

with ip(— go) = 1 and ^(+co) is the extinction probability of the process, i.e. the smaller root 
of /(s) = s. For a proof of these results, see Section [3] of Chapter [T] 

In the same paper [123J, Neveu introduced his multiplicative martingales, which he used 
to derive the Seneta-Heyde norming for the martingale e~ y N y . He proved that in the case of 
binary branching, one has 

W y := ye~ y N y — > W almost surely as y — » oo, (4.2) 

where W > almost surely. His proof relied on a known asymptotic for the travelling wave 
t/j, namely that 

1 — ip(—x) ~ Kxe~ x , as x — ► oo, (4.3) 

for some constant K > 0. It was recently shown [143] that this asymptotic is true if and only 
if E[L log 2 L] < go and the proof of (4.2) works in this case as well. We also still have in this 



case, for every ieR, 

E[e~ eXW ] = V>(x), (4.4) 

a fact which was already proven by Neveu |123] for dyadic branching. 

In [23J, further properties of the limit W have been established under the hypothesis of 
dyadic branching, namely 

P(W > x) ~ -, as x — ► oo, (4.5) 

x 

and 

ElWl^z)] - logx -> (gj, as x -*■ oo, (4.6) 



for some constant qo]£ R. Equation (4.5) has been proven in Propositions 27 and 40 of [23], 
and (4.6) appears in the proof of Proposition 39 of the same paper. Their arguments were 
very ingenious but indirect and although they could be extended to general reproduction laws 
with finite variance, we will reprove them here directly under (probably) minimal assumptions, 
based on methods of |115] , The main result in this section is 



Proposition 4.1. If E[L log L] < oo, then (4.5) holds. If E[Llog 6 L] < oo, then (4.6) holds. 



See also [60j for a proof of (4.5) in the case of branching random walk. Before proving 



this result in the next subsection, we state a lemma which is immediate from (4.2) and the 
fact that N y is almost surely finite (see also Corollary 25 in [23]): 

Lemma 4.2. Suppose E[L log 2 L] < oo. For any r\ > 0, there exist y and (, such that y ^ r]^ 1 
and 



P(\W y - W\ > rj) + P(N y >()+ P(J? H _ y $Ux[l, C]) 

+ P( sup #{n e jT(t) : (u,t) < & H _ y ) > Q < ??• 
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4.1 Proof of Proposition 4.1 

Define x(A) = E[e- xw ] for A > 0. Our first result is: 

Lemma 4.3. Suppose E[Llog 2 L] < oo. Then x"W ~ A -1 as A — > 0+. Furthermore, 
E[Llog 3 L] < oo if and only if r(A) = A" 1 - x"(A) > /or A > 0, urcf/i ^ r(A) dA < oo. 



Proof. Define (f>(x) = 1 — ip(—x), such that u(s) = (p'(4> 1 (s)). By (4.3) and the hypothesis 
E[Llog 2 L] < oo, 

4>{x) ~ Kxe~ x , as x — ► oo. (4.7) 



Furthermore, by (4.1), we have 

1 



0"(s) + = - 0(a)) - (1 - 0(x))). 



(4.8) 



Setting g(s) = 2(3 [f(l - s) - 1 + /'(l)s] ^ and p = + 
that /3o = l/(2m) and /'(l) = m + 1 by definition, 

p'(a;) = -p(x) + g(4>(x)). 



b' , we get from (4.8), and the fact 

(4.9) 



As in the proof of Theorem |1.1| from Chapter [TJ we will study the function p through the 
integral equation corresponding to (|4.9l), namely 



p{x) 



■(p(0)+ r e yg(cl>(y))d y )=e- x U0)+ f 

V Jo 7 V J<Wx 



da). 



Now, by Theorem B of |36] (see also Theorem 8.1.8 in |37| ) we have for every d > 0, 



(4.10) 



f 

Jo 



1 log rf 1 nl {og d 1 

— ^-g(s)ds<cc ^=> -g(s)ds<oo 

s Jo s 



E[Llog l+d L] < oo. (4.11) 



Furthermore, by Proposition 3.2 from Chapter [T] we have —u(s) ~ s as s — > 0, and by (4.7), 
we have W ~ (log l/s)/s as s — > 0. By the hypothesis -E[Llog 2 L] < oo, this gives 



f 

Jo 



ds < oo, 



whence, by (4.10), 



-u(s) 

p{x) ~ Ke~ x , as x — > oo, 



(4.12) 



where the constant K is actually the same as the one in (4.7), see again the proof of Theo- 
rem 



1.1 from Chapter[T] Now, from (4.4), we get x(A) = 1 — 1°§A), whence, by (4.9) and 



(4.10), 



X"(A) 



K 


1 


A ^ 








A H 





rCO 

A e^(0(y))dy- 5 (0(-logA)) 

J— log A 



log A 



e y (j>'(y)g'(4>(y))dy 



(4.13) 



where the last equation follows from integration by parts. This proves the first statement, 
with the constant K instead of 1, since the last integral vanishes as A — > 0. Now, setting 



r ^ = ~\{ f eV(yy(<My))dy), 

AV J-logA 7 
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we first remark that r(A) > 0, since the integrand is negative for y e R. By the Fubini-Tonelli 
theorem, we then have 



-log A 
rCO 

-ye y cj)'(y)g'((j)(y))dy 

Jo 

r<t>(o) 

e*~ ^r 1 (y)g'(y)dy, 

Jo 



which is finite if and only if E'LLlog'^L] < oo, by (4.11) and the fact that ^(j) l {y) ~ 
(log 2 l/s)/s. This proves the second statement, again with the constant K instead of 1. 

The previous arguments worked for every travelling wave ip. In order to show that that 
the constant K is equal to 1 in our case, we use Neveu's multiplicative martingale (this idea 
was also used in |112j , Theorem 2.5). It was observed by Neveu |123| (see also [61J for a 
rigorous proof), that ((1 — 4>(x + y)) Ny )y^o is a martingale for every x e R with values in 
[0, 1]. By (4.2) and (4.7), we then get by dominated convergence, for every ieR, 



This yields K = 1. 



lim E[e- Kye ' yN *] = lim EUl - <j>(y - x)) JV «] = 1 

y— >co y—>co 



□ 



Remark 4.4. Choosing arbitrary initial points xq, X\ £ R instead of in (4.10), one sees that 

r-00 

e Xo p(x )+\ <?g(<f>{y))dy 

Jx 



^p(x 1 )+ e*g(<f>{y))dy. 

Jxi 

In particular, since p is bounded, letting xq — > -co and x\ — > +oo yields 

e y g(4>{y))dy 



1. 



One could hope (see the proof of Proposition |4.1| below) that this helps in determining the 
constant qjjjj, but apparently this does not seem to be the case. 



Proof of Proposition ^. 1\ For n e N, we define the function 

Vn(x) = f 'y n P(W e dy) = E[W n l {w ^ x) ], 
Jo 

such that with denoting the n-th derivative of x, we have for A > 0, 

X (n) (A) = (-lH e- Xx dV n (x). 
Jo 



4.1 



If E[L log 2 L] < oo, Proposition 
XIII. 5. 2 or |37j . Theorem 1.7.1) now yields 

V 2 (x) ~ x 



and Karamata's Tauberian theorem (179], Theorem 



as x 



oo. 



(4.14) 



By an integration by parts argument (see also |79| . Theorem VIII. 9. 2 or |37j . Theorem 8.1.2), 
we get (4.5). Now suppose that -E[Llog 3 L] < oo. By Lemma 4.3, we have x'(^) — log A — » 



c e R, as A — > 0. By Theorem 3.9.1 from |37j (with £(x) = 1), this yields 

Vi(x) — logx — > 7 — c, as x — > oo, 



where 7 is the Euler-Mascheroni constant. This is exactly (4.6). 



□ 
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5 BBM in an interval 

In this section we study branching Brownian motion killed upon exiting an interval. Many 



ideas in this section (except for Section 5.5 and parts of Section 5.3 ) stem from Sections 2 and 3 
of |23] and for completeness, we will reprove some of their results with streamlined proofs. 
However, we will also extend their results to the case of Brownian motion with variable drift. 

5.1 Notation 

During the rest of the paper, the symbol C stands for a positive constant, which may only 
depend on the reproduction law q. Its value may change from line to line. If a subscript is 
present, then this subscript is the number of the equation where this constant appears for the 
first time (example: C fe^gj ). In this case, this constant is fixed after its value has been chosen 
in the corresponding equation. If X is any mathematical expression, then the symbol 0{X) 
stands for a possibly random term whose absolute value is bounded by C|X|. 

Recall the definition of q(k), m, m-2 and /3q from Section [4] and the hypotheses on m and 
m,2. bi this section, we let a > ir and set 



From (5.1 ), one easily gets the basic estimate 



n 2 



°< 1 -"<J^- (52) 

We then denote by P x the law of the branching Markov process where, starting with a 
single particle at the point ieR, particles move according to Brownian motion with variance 
1 and drift —fi and branch at rate 1 into k particles according to the reproduction law q{k). 
Expectation with respect to P x is denoted by E z . On the space of continuous functions from 
R + to R, we define Hq and H a to be the hitting time functionals of and a. We further 
set H = Hq a H a . Then note that the density of the branching Brownian motion before 



Jt?H, as defined in (3.3), has a density with respect to Lebesgue measure given for t > and 
x,y e (0,a) by 

p t (x,y)=e^ x - y)+ ^ t p1(x,y), (5.3) 



where p® was defined in (2.4). 



Now, let / : R + — > R + be non-decreasing, with /(0) = 0, continuous and such that the 
left-derivative /' exists everywhere and is of bounded variation. Such a function will be called 
a barrier function. We define 

H/ll = max {ll/llaoJ/looJ/lLjJV/'Cs)!}, (5-4) 

where || • \\ x is the usual supremum norm. Furthermore, we set Err(/, t) = \\f\\ ^ + -^j . Now 
define 

Vt = V+^-J(t/a 2 )=fi+\f(t/a 2 ), (5.5) 
at a z 

such that [Mo = \i and fit ^ fi for all t ^ 0. We denote by Pj the law of the branching 
Brownian motion described above, but with infinitesimal drift —[it- Expectation with respect 
to Pj is denoted by and the density of the process is denoted by p{(x,y). 

The above definitions can be extended to arbitrary initial configurations of particles dis- 
tributed according to a counting measure v on (0, a). In this case the superscript x is replaced 
by v or simply omitted if v is known from the context. 
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5.2 The processes Z t and Y t 

Recall from Section [3] that the set of particles alive at time t is denoted by jV(t\ We 
define 

^ a (t) = {ue^(t):H(X u )>t}, 

where H was defined in the previous subsection. Now set u>z{x) = ae^ x ^ a ^ sin(7ra;/a)l( :( . e ro )a ]) 
and wy{x) = e^ x ~ a ^l/ x ^Q-\ aR d define 

Z t = 2 wz{X u {t)) and Y t = £ w Y (X u (t)). 

Then Zt is a martingale under P 1 , the pro of of which is standard and relies on the branching 
property, the Many-to-one lemma (Lemma 3.2) and the fact that e t ^ 2 wz(Bt) is a martingale 
for a Brownian motion with drift — fi killed at and a, which is easily seen by Ito's formula, 
for example. Furthermore, it is easy to see as well that Z% is a supermartingale under P^. 

The following lemma relates the density of BBM with variable drift to BBM with fixed 
drift. 

Lemma 5.1. For all x,y e [0, a], t ^ 0, 

p{(x, y )=p t (x, y )e-^ 2 ) + °( E ^)). 
Proof. By the Many-to-one lemma and Girsanov's theorem, we have 



p f t (x,y)=e*> m *WZ IH (B t edy,H>t) 



exp t 



:/2- f 
Jo 



ds W* exp 



f 

Jo 



Us - n dB s ) , B t e dy, H > t ) . 

(5.6) 



By integration by parts, we have 

/i s dB s = ii t B t - /j,B - B s dfi s . 
Jo Jo 

Since Bt e (0, a) for all t ^ 0, we have 



B s dfi s ^ a \dfi s 
Jo Jo 



Jo" |d/'( 



(5.7) 



(5.8) 



Furthermore, 



such that 



Finally, 



2\2 



I'J l r , /' f tn/„2\ , f ( t / a ) 

2a 4 



+ ^/'(t/a 2 ) + 



r* ,,2 
Jo 2 



t - vf(t/a z ) 



1 



f'(t/a 2 )Bt 



II f'll 2 i 

II J \\<xs L 

2a 4 ' 

/ 1 1 oo 



HtB t - fiB t 

Equations J5l3j ), ( [5/7] , JsTs] ), fl5~9l > and jBTlO| ) now give 

p{(x,y) = p t (x,y)e-^/ a2 ) + °( Err (^)), 
and the lemma now follows from (|5.2|). 



(5.9) 
(5.10) 



□ 
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Proposition 5.2. Under any initial configuration of particles, for every t ^ 0, we have 



E f [Z t ] = Z e-^ a ^ +o ^M\ 
and if in addition fi ^ 1/2, then 

Var/(Z t ) C e-fW^ +0( - E "^ ( ^Z + Y 
Furthermore, we have for every t ^ ( without hypothesis on \i ), 

E f [Y t ] sc Ce-^ a ^ +o ^^Y . 

and for t ^ a 2 , 

E/PKl < C'e" /( * /a2)+0(Err(/ '' )) — 
n J a ' 

Moreover, for every a 2 < i < a 3 , we Ziaue 



(5.11) 

(5.12) 

(5.13) 
(5.14) 

(5.15) 



Proof. Equation (5.11) follows from Lemma 5.1 and the fact that Zt is a martingale under 



P x . In order to show (5.13) and (5.14), it suffices by Lemma 5.1 to consider the case without 
variable drift. We first suppose that t ^ a 2 . By (5.3) and (2.8), we get 



E x [Y t ] sc e^ x - a) f e&ptlx, y) dy sc Ce^'^ sin(vrx/a) f - shaWa) dy. 
Jo Jo a 



The last integral is independent of a. Summing over x yields (5.14) as well as (5.13) in the 
case t ^ a 2 . Now, if t < a 2 , by the Many-to-one lemma and Girsanov's theorem, we have 

E x [Y t ] = e Pomt w x\ e n(x t -a)^ H QAHa< A = e ^ 2a2 '>W x [H a H a < t]e^ x - a) . 



Summing over x yields (5.13) 



In order to prove (5.12), we have by Lemma 3.5 



E x f [ 



[Z 2 ] = E x f [ ^ uz(X u (t)) 2 ] +/3 m 2 j a Jy s (x,y)(vf' s) [Z t ]) 2 dsdy 



(5.16) 



By Lemma 5.1 and the fact that Z% is a martingale with respect to the law P x , this yields 



E x f [Z 2 ] < Ce-fW^ +0 ^» E* 2 w z (X u (t)) 2 ] + f f p.(x, y)w z (y) 2 ds dy 

V «^,.(*) J Jo Jo / 

(5.17) 

Now we have for x e (0, a), 

w z {x) 2 = {asm(Trx/a)e-^ a - x) ) 2 sc 7r 2 (a - xfe' 2 ^-^ < Cw(x), 
because ^ 1/2 by hypothesis. This yields 



Si:=E*[ 2 ^(^«(<)) 5 

U6^o, a (t) 



(5.18) 
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by (5.13). Now, by (5.3) and (2.13), we have 



S 2 := f f p s (x,y)w z (y) 2 dsdy = ae^ x -^ f° ae^^ sin 2 (iry/a) J a (x, y, t) dy. 
Jo Jo Jo 



Lemma 2.1 



now gives 



S 2 ^ Cae^ x a) J e m sin 2 (7ry/a) (t sin(7rx/a) sin(7ry/a) + ay) dy 



j 1 . poo 

£ C7ae^ (x - a) ( sin(7rx/a)4 + - ) ^"' 3 ' 

a d a/ Jo 



(5.19) 



the last line following again from the change of variables y >— > a— y and the inequality sin x ^ x. 



Using again the fact that [i ^ 1/2, equations (5.17), (5.18) and (5.19) now imply 

E^[Z 2 ] Ce-f^ + °^^ (^w z (x) + wy(x)) . (5.20) 

If we write the positions of the initial particles as x\, .. . ,x n , then by the independence of 
their contributions to Zt, 



(5.21) 



Equations (5.20) and (5.21) now prove (5.12). Equation (5.15) is proven similarly. 



□ 



5.3 The number of particles 

In this subsection, we establish precise first and second moment estimates for the number 
of particles alive at a time t. These estimates extend those of [23], which are effective only 
when t » a 2 . For re [0, a] and t ^ 0, we denote by Nt(r) the number of particles in [r, a] at 
time t. 

Proposition 5.3. Suppose [i > 1/2. Let t > ; x,r £ [0, a) and suppose that x > (r + 
a/20)l (t<o 2). T/ien 



2(1 + /ir)e 7r2 */( 2a2 ) fl/ /x t 



E s [iV t (r)] = e 



In particular, if a/20 + rlu^ a 2\ ^ x < a, then 



a a' 



O (1 + r 3 ) 



sin(vrx/a) v l( t<a 2) 



(5.22) 



E*[iV t (r)] 



2tt(1 + ^r)e^ a " r ) 



,'(a-x) 2 + (1 + r 2 ) fw z (x) 



(5.23) 



Moreover, for every x e (0, a) and t > 0, we have 

F[»)l- 2l " + "f M 
TOi/i |error| ^ -Et/a 2 (l + 0(l/a 2 )). 



wz(x) ( 1 + error) , 



(5.24) 
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Proof. Let t ^ and ^ x < 1. By (5.3) and Brownian scaling, we have 



B ax [N ta2 (r)] = e» ax+ 



7T 2 t/2 

Jr/a 



,-(iaz 1 



Pt ( x > z ) dz - 



(5.25) 



Note that (d/dz)p\(x, z)\ z =o = —26'(x,t), by (2.5). Taylor's formula then implies that there 
exists £ e [0, z], such that 



c 2 



Pt( x , z ) = -2z8'(x,t) + z 2 ^-yp}(x,z) 



dz 2 



(5.26) 



and d2~2l, 



We first note that for all x 6 (0, 1) and f > 1, or for all x 6 1] and t < 1, one has by ( |2.1 

|0'(x,i)| sc C(sin(7rx) v l(t^i)). 



(5.27) 



Furthermore, if t > 1, we have 

d 2 



= 7r 2 ^ e 77 n * /2 n 2 sin(7mx) sin(7rn£) 
n=l 

sC 7r 4 £sin(^) 2 n 4 e- w2 " 2 * /2 Czsin(vrx)e-" 2 ' /2 , 



(5.28) 



n=l 



by the inequality | sinnx| sC nsinx, x e [0,7r]. Equations (5.26), ( 5.27| ) and (5.28) now give 

26'(xA 



I ■ 

Jr/a 



e-^ az pl(x,z)dz 



H 2 a 2 



: i + ^e-w + o((l + r 3 )e -A.r!^M e -^t/2 



(5.29) 



Now suppose that f < 1, x, r e [0, a) and x ^ r + a/20. By (2.5 ) and the mean value theorem, 
we have [d 2 /dz 2 )p] (x, z) = 2z9"'(x + for some £' e [0, z]. With (2.2), one then easily 
sees that for z x — a/40, one has 

d 2 



dz 



T p](x,z) ^Cze-Q^K 



Equations (5.26), (5.27) and (5.30) now give, for x' = x — a/40, 



rx' /a 

1 

Jr/a 



e^ az pl(x,z) dz 



Furthermore, we have 



f 

Jx'/a 



-fiazl 



p t (x, z) dz < e 



Jx'/a 



(x, z) dz < e ^ . 



(5.30) 



(5.31) 



(5.32) 



Equations (5.25), (5.29), (5.31), (5.32) and the hypothesis on /i now imply (5.22). 

In order to prove (5.23), let x e [1/20,1]. By (2.3) and Taylor's formula, there exists 
£ E [x, 1], such that 



r(x,t) = 2(1 - x)j t 9(l,t) - (1 - x) 2 9'"(Z,t). 



(5.33) 



With jO and_g2), one now easily sees that \e"'(£,t)\ sc C{e-* H I 2 sin(7rx) v l(t^i))- Equa- 
tions (5.2), (5.22) and (5.33) now readily imply ( |5.23 ). For the last equation, by (5.3) and 
(2.8), we have for every x £ (0, a) and t > 0, 

E x [N(ta 2 )] = (1 + eir)w z (x)^- sin(vry/a) dy, (5.34) 

a Jo 

with | err | < Ef. Evaluating this integral and using (5.2) and the hypothesis on [i yields 

(|5~24|). □ 



77 



Chapter 2. Branching Brownian motion with selection of the iV right- most particles 



We will often use the following handier upper bounds on E x [iV((r)]: 
Lemma 5.4. Suppose fj, ^ 1/2. Lett ^ 7 x,r e [0,a] and suppose that x ^ (r + a/20)l( t!£a 2). 



E*[N t (r)] C(l + r )^3-(«;z(x) + (x)l (t ^)) • 

Furthermore, we have for all x, r e [0, a] anc? t ^ 0, 

E x [N t (r)] sc Ce^ x ~ r \ 



(5.35) 



(5.36) 



Proof. One sees from (2.1) and (2.2) that 8"(x,t) s; C for (x,t) e [0,1] x [l,oo) u [1/20,1] x 



[0,1]. Equation (5.35) now follows from (5.22) and the mean value theorem. For (5.36), we 



have by (5.13), 



E x [N t (r)] < e~^E x \ J] 



□ 



Lemma 5.5. Suppose fi ^ 1/2 and r < 9a/10. For every t > anc? s e [0,a], we /lawe /or 
/arge a, 



E* f [iV t (r) 2 ] SC Ce -/(Va 2 )+0(Err(/, t )) 



3 f_i,a 



(5.37) 



Proof. As in the proof of (5.12), we have by Lemmas 3.5 and 5.1 



E x [N t (r) 2 ] < e -/(*/« 2 )+0(Err(/,t))j^ E x^^j + ^ mjJ J° J Ps ( X) z ) (E 2 [iV t _ s (r)] ) 2 ds dz) . 

° ° (5.38) 



By (5.3), Lemma 5.4 and the hypotheses on x and r, we have after a change of variables 



z — > a — 2 in the integral, 



r Ps (x,z)(E^[iV i _ s (r)]) 2 dz^C 
Jo 

x ((l + r 2 )|%°( 



^ e ^(z-a-2r)+7r 2 s/( 2a2 ) 



1 + r 4 



dz + a 6 f ^(a-z,z)e^dA (5.39) 

Ja/20 ' 



Integrating (5.39) over s from to t and splitting the interval at t A a , we have by (2.9) (for 



the first piece) and (2.8) (for the second) 



f Cp s (x,z)(E z [N t ^(r)]) 2 dsdz ^ C 
Jo Jo 



.. / 1 + r 4 
x (1 + r z ) 1 + ^— |e 



^(l + aV"/ 20 )(^(x)^+wW) (5-40) 



Equations (5.36), (5.38) and (5.40) and the hypotheses on and r now imply the lemma. □ 
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5.4 The particles hitting the right border 



In this section we recall some formulae from [23] about the number of particles hitting the 
right border of the interval. We reprove these formulae here for completeness and because 
Lemma 2.1 makes their proofs straightforward. For most formulae we will assume that / = 0, 
i.e. that we are working under the measure P. Only Lemma 5.9 contains an upper bound on 
the expected number of particles for general /, which will be useful in Section [7] 

For a measurable subset S a R, define Rg to be the number of particles killed at the right 
border during the (time) interval S, i.e. 

R s = #{(M) : u e Jf{t) and H (X U ) > H a {X u ) =teS}. 

The following lemma gives exact formulae of the expectation and the second moment of Rg. 

Lemma 5.6. For every x e (0,a), we have 

B X [R S ] = e^ x - a) I a {x, S), (5.41) 



B X [R 2 S ] = B X [R S ] + m 2 e^ x - a n dye^ a M dt e^V? (x, y)I a (y, S - t) 2 (5.42) 

Jo Jo 



We will first prove a more general result, which will be needed in Section 6.4 



Lemma 5.7. For every x e (0, a) and any measurable function f : R + — » R + , we have 

e n{x-a) f /(^/"(^ds). 
Jo 



E *[ 2 /(*) 1 (X u (*)=a) 



Proof. Recall that Hq and H a denote the hitting time functionals of and a and H = Hq a H a . 
Then note that W X ^(H < oo) = 1 for all x e [0, a]. We then have 



E X '[ 2 /( t ) 1 (X u (t)=a) 
(u,t)eJC H 



f(H a )l(H >H a sit) 



by Lemma 3.2 



e fj,(x-a) w x 



e2^ Ha f(H a )lfff 0> jj a ^ t {\ by Girsanov's transform 



- a) Cf(s)I a < 
Jo 



x, ds) 



by (2.12). 



Note that in the second line we used the fact that Pom = 1/2 by definition. 



□ 



Proof of Lemma 5.6. Equation (5.41) follows from Lemma 5.6 and (2.14) by taking / = lg. 
Equation (5.42) follows from Lemma 3.3 and (5.41). □ 

Lemma 5.8. For any initial configuration v and any s < t, we have 



|E[i? M ] - ^ 3 S) Z \ sc Ctm( Y o a E s/a 2(l a (t - s)/a 3 )Z 



(5.43) 



where E s is defined in (2.7). Furthermore, if fi ^ 1/2 and < t < a 3 , then for each x e (0, a), 

t 



E X [R 2 ] sc Ckm(^w z (x) + 



(5.44) 
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2.1 



Proof. We have E[iif] = J z^(dx)E x '[i?i], such that (5.43) follows from (5.41) and Lemma 
For the second moment, we have by (5.42), 

B X [R 2 - R t ] = I3m 2 e^ x - a) f dy e^ y - a) f ds e&tfix, y)I a {y, t - s) 2 

Jo Jo 

sc Ce^ x - a) f dye^ y - a) I a (y,t) 2 J a (x,y,t) 
Jo 

^ Ce n(x-a) f dye^ y - a \t/a 2 sm{Try/a) + l) 2 
Jo 

x (at/a 2 sin(7rx/a) sin(7ry/a) + a^ 1 (x a y)(a — (x v y))) 

Performing the change of variables y >—> a — y in the integral and making use of the inequalities 
a~ l (x a y)(a — (x v y)) ^ a — y and sinx x, we get 

W[R 2 - R t ] sc Ce^ x - a) (sm(irx/a)t/a 2 + 1) dy e^fe + y 2 t/a 3 + y 3 t 2 /a 6 ) 

Jo 

< <7e^- a )(sin(7rx/a)i/a 2 + 1)(1 + t 2 /a 6 ), 



where we used the hypothesis fi ^ 1/2. The last inequality, together with (5.43) and the 
hypothesis t ^ a 3 yields (5.44). □ 



Lemma 5.9. Let f be a function as in Section 5.1 Then for every x e (0, a), we have 

E][Rs]^B x [R s ]. 



Proof. As in the proof of Lemma 5.6 we have 



B x f [R s ] = W x 



l-n 



e 1 ~(H >H a eS) 



tf a IHdBt-£ a ^/2dt+H a /2 1 



(H >H a eS) 



by Girsanov's theorem and the definition of /3q. Now, we have by (5.7), on the event {Hq > 

H a }, 



Ht dB t = fi(a - x) + a(nH a - n) - \ B t d/a t > n(a - x), 
Jo Jo 

since Bt e [0, a] for t e [0, H a ]. This gives 

B%R S ] < e^ x -^W^-^l 2 l {Ho>HaeS) ] = E X [R S ], 



by the proof of Lemma 5.6 



□ 



We finish this section with a lemma which links BBM with absorption at a critical line to 
our BBM with selection model. 



Lemma 5.10. Let £ ^ 1, y ^ 1, \i ^ 1/2 and f be a barrier function (defined in Section 5.1). 
Suppose that y/a > y + £ and \\f\\ ^ yfa. Let (xj,t«)^ =1 be a collection of space-time points 
with 

Xi = a-y + (l- (jl)U - f(s/a 2 ), i = 1, . . . , N, 
and ti ^ C f or a M Define Z = £\ wz{xi), Y = £\ wy(xi) and W y = ye~ y N. Then, 



Z = irW y (l + 



In particular, for large a, we have 



I 
V 



and Y = -Wy[l + 



Y ^ Z/y. 
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Proof. By (5.2) and the hypotheses /i ^ 1/2 and £ ^ 1, we have for all i, 

/C(i + ll/ID- 

Xj = a — y + C 



Hence, by (5.2) and the hypotheses [i ^ 1/2, ||/|| ^ *Ja and ^ y + £, 

= e ^ y fl + /J 



(5.45) 

Furthermore, since x — x 2 /3 ^ sinx ^ x for x ^ and by the hypotheses y ^ 1 and a ^ y + C? 

sin(7TXj/a) = sin(7r(a — Xj)/a) = — y(l + Oy^jj. (5.46) 

□ 



The lemma now follows by summing over (5.45) and (5.46). 



5.5 Penalizing the particles hitting the right border 

In this section, let (U u ) ue u be iid random variables, uniformly distributed on (0, 1), inde- 
pendent of the branching Brownian motion. Furthermore, let p : R + e (0, 1] be measurable 
and such that p{t) = for large enough t. Recall that H = Hq a H a . We define the event 

E = {$(u,i) e Jzftf : X u {t) = a and U u < p(t)}. 

Our goal in this section is to describe the law Pj = ~PJ(-\E). We first note that 

P%du;,E)=P%du J ) Y\ (l (X u (t)^a) +P(t)l(X u (t)=a))- ( 5 - 47 ) 

(u,t)eLt 



In order to apply the results from Section |3.4| we define 

h(x, t) 



P ( ?' t] (E) 



f 



Q(x,t) = £ q(k)h(x,t) k - 1 



fc=0 



q{x,t,k) = q{k)h(x,t) k ~ l /Q{x,t) 



(5.48) 
(5.49) 
(5.50) 



By the results from Section 3.4 under the law P^, the BBM stopped at S£h is the branching 
Markov process where 

- particles move according to the Doob transform of Brownian motion with drift — /ij 
(stopped at and a) by the space-time harmonic function h(x, t) and 

- a particle located at the point x e (0, a) at time t branches at rate /3qQ(x, i)l x e(o,a)> 
throwing k offspring with probability q(x, t, k). 

We have the following useful Many-to-one lemma for the conditioned process stopped at 
the stopping line ££% = J^H^t- Define the function 



e(x,t) = 0o 2 ^ Kx.tf-^qik) sc /3 m 2 (l - h(x,t)). 



(5.51) 



fed 



Lemma 5.11. For any measurable function g : [0,a] — > R +7 x 6 (0,a) and t > 0, we /iaue 



e?[ 2 ff(x u (t))] = wf Mt [ 5 (x HAt ; 



h(X HAt ,H A Q (jj At )/2-^ Ai e(JC„s) ds 
/i(x,0) 



(5.52) 
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In particular, if we denote by p{(x,y) the density of the P^-BBM, then 



h(x,0) ! 



taboo 



^(h(x,0))- % pt(x,y), (5-53) 



and for general f , 



Pt fay) < (hfaO)) 1 p{(x,y). 
Proof. By Lemma 3.2 and the description of the law given above, we have 

r h(Yrr., ) 



(5.54) 



E x f [ 2 g(X u (t)) 



g(X H At) h ^ Xli ^ H A *) c tf At /3om(X s , S )Q(X fl)S ) ds 

//;./•. ()) 



where m(x,t) = ^ k (k — l)q(x,t, k), which yields ( |5.52 ). Equation (5.53 



applied to the Dirac Delta-function g = S y , y G (0, a), together with (5.3 



follows from (5.52) 

□ 



The previous lemma immediately gives an upper bound for the quantities we are interested 



in: 



Corollary 5.12. Let x e (0, a), t ^ and g : [0, a] — * R+ be measurable with g(0) = g{a) = 0. 
Define S t = J^ ue ^ t g{X u (t)). Then, 



(5.55) 
(5.56) 



Proof. Equation (5.55) immediately follow from ( 5.53[ ). In order to prove the second-moment 
estimates, we note that by Lemma |3.5|and the description of the conditioned process, 



E^[S 2 ] = B][ 2 g(X u (t)) 2 ] + f rp s (x,y)m 2 (y,s)PoQ(y,s) (E { /' s) [S t ]Y dyds, 



where rri2(x,t) = Xlfc^o ~~ l)q(x,t,k). By (5.50), we have m2(x,t)Q(x,t) ^ h{x,t)rri2. 
Equation (5.56) then follows from (5.16), (5.53) and (5.55). □ 

The following lemma gives a good lower bound on the first-moment estimates in the case 
where / = 0. 

Lemma 5.13. Suppose \i > 1/2, t < a 3 and p(s) = for all s > a 3 . Let St be as in Corollary 
[5JM We have 

E x [S t ] > E x [S t ](l - Cfesjlploo). (5.57) 
This follows from the following estimate on h(x, 0), which will be sharpened in Lemma [6. 3| 
Lemma 5.14. Suppose p(s) = for all s ^ a 3 . Then for all x e (0, a), we have 

l-h(a- x, 0) < C||p||ao(x + l)e~^ x . 
Proof. By Markov's inequality, we have 

1 - h(x, 0) = P^(#{(n, a) e jSf o3 : X u (s) = a, U u < p( S )} > 1) 
^ E^(#{(u,s) e if a3 : X„(s) = a, 17 U < ||p||oo}) 

< b||ooE^(i? a 3), 



The lemma now follows from Lemmas 5.8 and 5.9 and the inequality sinx ^ x, x 6 [0, 7r]. □ 
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Proof of Lemma 5.13. By (5.53), 



FF[S t ] > E x [S t ] inf [h(y,t)W, 

2/6(0,0) 



x,t,y 
taboo 



o- St) e ( X ^ S ) ds 



By Lemma 5.14 and the hypothesis on //, we have for every y e (0, a), 

fc(a - y, t) > fc(a - y, 0) > 1 - C7||j»[] DO e-»/ 3 . 

This gives 



^taboo 



,~ % e ( x s,f>) ds 



5* 1 - wft y 

taboo 



fe(X S)S ) 
Jo 



ds 



> 1 - C||p|| 



(5.58) 



(5.59) 



(5.60) 



by (5.51), (5.59), Lemma 2.2 the inequality e x > 1 — x for x ^ and the fact that the law 



of the Brownian taboo process is preserved under the map y > a — y. The lemma now follows 
from (pT58|), (J5T591) and ([5~60l. □ 



Finally, we study the law of Rt under the new probability. 
Lemma 5.15. We have for every x e [0, a], 

E x f [Rt] - bUooE^i??] E* f [Rt] ^ (hix^r^iRt], 
and if there is a p e [0, 1], such that p(s) = p for s ^ t, then we even have 

E x f [R t ] < E f [R t ]. 

Proof. Let be the stopping line 

&t = {(u,a)e& Ha :s^t}. 
We have by definition of the law P, 



(5.61) 



(5.62) 



m[R t ] 



RtU {u ,s)^M-p{Xu{s))) 



(5.63) 



Now the denominator is h(x, 0) by (5.48), which yields the right-hand side of (5.61). The 
left-hand side follows by noticing that 

E x f [R t Yl (l-p(X u (s)))] > E* f [R t (l - (blloo)^] > E x f [R t ] - \\ P \\ooE}[R 2 t ]. 
{u,s)eM t 



For (5.62), we note that if p(s) = p for s < t, then by (5.63), 

B f [Rtl - E*[(l-p)K] ■ 



Since (1 — p) is decreasing in k, this yields (5.62) 



□ 
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6 BBM with absorption before a breakout 

In this section, we are studying branching Brownian motion with drift —\x and absorption 



at until a breakout occurs, an event which will be defined in Section 6.1 and which corre- 



sponds to a particle going far to the right and spawning a large number of descendants. In 



(6.20), we decompose the system into a particle conditioned to break out at a specific time T 
(this particle will be called the fugitive) and the remaining particles, which are conditioned 
not to break out before time T. These two parts will be studied separately, the former in 



Section 6.4 and the latter in Section 6.3 Before that, in Section 6.2 we study the law of the 
time of the first breakout, showing that it is approximately exponentially distributed. First 
of all, however, we start with the necessary definitions: 

6.1 Definitions 

We will introduce several parameters which will be used during the rest of the paper. The 
two most important parameters are a and A, which are both large positive constants. The 
meaning of a is as in the previous sections: It is the right border of an interval in which 
the particles are staying most of the time. The parameter A has a more subtle meaning and 
controls the number of particles of the system and with it the intensity at which particles hit 
the point a. In Section [7J we will indeed choose the initial conditions such that Zq » e A . 

When we study the system for large A and a, we first let a go to infinity, then A. Thus, the 
statement "For large A and a we have. . . " means: "There exist Aq and a function oq(A), both 
depending on the reproduction law q only, such that for A^ Aq and a > ao(A) we have. . .". 
Likewise, the statement "As A and a go to infinity. . . " means "For all A there exists ao(A), 
depending on the reproduction law q only, such that as A goes to infinity and a ^ ao(A). . . ". 
These phrases will become so common that in Sections[7]to[9]they will often be used implicitly, 
although they will always be explicitly stated in the theorems, propositions, lemmas etc. We 
further introduce the notation o(l), which stands for a (non-random) term that only depends 
on the reproduction law q and the parameters A, a, e, rj, y and £ and which goes to as A 
and a go to infinity. 

The remaining parameters we introduce are all going to depend on A, but not on a. 
First of all, there is the small parameter e, which controls the intensity of the breakouts. 
Indeed, when Zq * e A , the mean time one has to wait for a breakout will be approximately 
proportional in e. Morally, one could choose e such that e _j4//2 « e « A~ l , but for technical 
reasons we will require that 

e < qo]A~ 17 , and (6.1) 
e > Cfc2p- A/6 - (6.2) 

Another protagonist is rj, which we will choose as small as we need and which will be used to 
bound the probability of very improbable events, as well as the contribution of the variable 
Y. It will be enough to require that 

rj < e- 2A , (6.3) 



which, by (6.2), implies 



rj s: Ce 12 . (6.4) 



The last parameters are y and £, which are defined as in Lemma 4.2 with rj there being the 
rj defined above. Note that the parameters rj, y and £ appeared already in |23| and had the 
same meaning there. 



We can now proceed to the definition of the process. Recall the definition of ji in (5.1). 



As in Section |5.1| we denote by P x and E x the law and expectation of branching Brownian 
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Figure 2.1: Left picture: A graphical view of the tiers. The trajectory of one particle u is 
singled out (thick line) and the times 17 (it) and 07 (it) are shown. The tier particles are 
drawn with straight lines, the tier 1 particles with dashed and the tier 2 particles with dotted 
lines. Right picture: The stopping line jYt (encircled particles). 



motion with drift —\i starting from a particle at the point x e R; we extend this definition 
to general initial distributions of particles according to a counting measure v. Recall from 



Section 3.1 that ^V(t) denotes the set of individuals alive at time t. We want to absorb the 



particles at and do this formally by setting 

jK (t) = {ueJS(t):H (X u )>t}, 

where Hq is again the hitting time functional of 0. 

Instead of absorbing particles at a, we are now going to classify them into tiers as described 
in the introduction. Let u £ U, t ^ 0. We define two sequences of random times (r„(u)) n ^_i 
and {(T n {u)) n ^o by T-i(u) = 0, (Tq{u) = and for n > 0: 

T n (u) = inf{s > a n (u) : X u (s) = a}, ^ 
<7 n +i{u) = mf{s > r n (u) : X u (s) = a - y + (1 - fj,)(s - r n (n))}, 



where we set inf = 00. See Figure [2TT] for a graphical description. We now define for t > 
the stopping lines 

= {(u,s) e U x [0,t] : s = n(u) and u e J6(s)}, I > -I, and (6.6) 
= {(u,s) e U x [0,i] : s = ai{u) and u e ^Pq(s)}, I > 0. (6.7) 

That means, contains the particles of tier / at the moment at which they touch the 
right barrier and contains the particles of tier I at the moment at which they come back to 
the critical line. Note that the sets 3$ and are increasing in t and &f ^ < =5^ < 
for every 1^0. We also set 
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In order to extend the definitions of the variables Z-t and Yf to the current setup, we could 
simply replace cAo,a(t) by J\^{€) in their definition (see Section 5.1). However, it will be more 
useful to take special care of the individuals u for which 17 (-u) < t < 07+1 (it) for some I > 0, 
since these are in some kind of "intermediary" state which is difficult to analyse. We therefore 
define the stopping lines 

J/t = {{u,s) e U x R + : ue <Aq{s), Ti-\{u) ^ s < r;(n), 

and either t < cri(u) = s or ai(u) < t = s}, I ^ 0, (6.8) 

and 

Ji=(jA {l) - (6-9) 

In other words, the stopping line contains the particles of tier I that have already come 

back to the critical line at time t, as well as the descendants of those that haven't, at the 
moment at which they hit the critical line. We then define for I ^ (recall the definitions of 
wz and wy from Section [5l , 



Furthermore, for any symbol S and ^ k ^ I < 00, we write, 

/ 



s (k;l) = y s (i)^ s (i+) = 5 s = S(° + \ 



i=k 



For a particle (u, s) e , we now define the stopping line 

y(u,s) = |^ r -j £ jj x R+ . v e ^( r ) ; ( U)t ) < ( U)f ) an d r = cr J+1 («)}. 

This stopping line yields a collection (X„(r),r — s)( t))J .) 6 ^(«,«) of space-time points and we 



denote by Z^ u,s \ y("> s ) and Wjj"' S ' > the quantities from Lemma 5.10 corresponding to this 

collection of points (in particular, Wy = ye~ y j^Sf^ u ^\ Of course, we have chosen the 

stopping line in such a way that the variable Wy follows the same law as the variable W y 

defined in (4.2). We also define T^ax = max (t;,r)e^( u ' s ) ( r ~~ s )- We then define the "good" 
event 

G (U,S) = ^y{u, S ) ^ Q n ^(U, S ) ^ JJ x 

n { sup #{w e <Ao(r) : (u, s) < («, r) < ^( u > s )} < (6.10) 

and the event of a breakout, 

B (u,s) = { Z {u,s) > £g A| u ( G («,«))C (6.11) 

(the inclusion of the "bad" event (G^ ,s ^) c is for technical reasons). If the event B^ u ' s ^ occurs, 
the particle u is then also called the fugitive. We set 

PB = P a (£(0>°)), (6.12) 

and define the law of BBM started at a with the first particle conditioned not to break out: 

par B c\ 

Q a (-) = P a (- 1 B c ) = — { - 

1 - PB 
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where we set B = fl(0» o ). We further set Z = Z< >°) and W y = W y 
Lemmas 5.10 and 4.2 we have for large a, 

P a (|Z - irW\ > 2 V ) + p a ((G( '°)) c ) < T], 



(0,0) 



and note that by 
(6.13) 



where W is defined as in (|4.2|). Hence, by (|6.3), (|4.5|) and Lemma 4.2 we get 

oil) 



Pb 



7T 



1 



(6.14) 



which goes to as A and a go to infinity, by (6.2). Furthermore, (6.13) yields for large A and 
a, 



Q a [Z] = (E[7rWl (7rW ^ e A (1+o(1))+0(j?)) ] + 0(r,ee A ))(l + 0{p B )) 
= tt(A + loge + CK051+ o(l)), 



by (4.6), (6.1), (6.3) and (6.14). In particular, we have for A ^ 1 and large a, 

Q a [Z] sc CA. 



Moreover, by (4.5), (6.13) and (6.3), we have for A ^ 1 and large a, 

Q a [Z 2 ] sc Cee A . 



(6.15) 



(6.16) 



(6.17) 



Finally, note that by Lemma 5.10, we have Y ^ r]Z, Q a -almost surely, a fact that will often 
be used without further reference. 

We now define for every / e N the time of the first breakout of a particle of tier I, 



and set 



T«(u>) =mf{t>0:ue (J B^) 



= min T®, with T = = minT® 



(6.18) 



(6.19) 



Now fix t > and / e Nu {oo}- We want to describe the system conditioned on T^ 0; ^ = t. 
For this, suppose that at time the particles are distributed according to a counting measure 
v = <W We denote by 9/ the fugitive of the breakout that happened at time T^ 0; ^ and 
define pi = P"(i < % | T^ '^ = t). This yields a law (pi)f =1 on the initial particles, depending 
on v and t. Since the variable T^°' l \ the time of the first breakout, is the minimum of the 
variables , i = 1, . . . , n, the times of the first breakout of the BBM descending from the 
particle i, we can decompose the process into 

n n 

V u (Y\d^ ] T(°' l) = t) = ^ Pi x P Xl (dw (i) =*) x Y[P Xi (du U) \T m > t). (6.20) 



3+i 



That is, we first choose according to the law (pj)™ =1 the initial particle that is going to cause 
the breakout. This particle spawns a BBM conditioned to break out at time t. The remaining 
particles spawn independent BBM conditioned not to break out before time t. 

Remark 6.1. Note that many results in this section can be done for BBM with varying drift 
given by a barrier function /. For example, with Lemma 5.9 one gets immediately that 
Pj(T(°) > t) ^ P(IA°) > t) for all t ^ and it will be clear from the next section that in 
fact P f(T > t) ^ P(T > t) as well. However, in order to simplify notation and because we 
will not need the results often in this generality, we state them here only for BBM with fixed 
drift. 
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6.2 The time of the first breakout 

For large A and a, define 



j. , _ 1 „3 

E2I]- 20A a ■ 



(6.21) 



We want to prove that the random variable T defined in the previous section is approx- 
imately exponentially distributed with parameter p b ttZq/o? , which is the statement of the 
following proposition: 

Proposition 6.2. Let ^ t ^ I\q.21\ For A and a large enough, we have 

P(T > t) = exp ( - k Pb Z^ (l + 0{At/a 3 + p B )) + O{p B Y )} . (6.22) 



The proof proceeds by a sequence of lemmas. Lemma 6.3 gives a estimate on P(T(°) > t) 



This is used in Lemma 6.4 in order to obtain an estimate on Q a (T > t), using a recursive 
argument. Finally, Proposition |6.2| is proven by combining Lemmas |6.3| and |6.4| 



Lemma 6.3. Let ^ t ^ a 3 . Suppose that p B ^ 1/2. Then, 

P(r<°> > t) = exp (- irp B Z ^(l + 0{p B )) + O( PB Y )y (6.23) 

Proof. Let sci, . . . , x n be the positions of the initial particles. Since the initial particles spawn 
independent branching Brownian motions, we have 



P(T(°) > t) = Y\P Xi {T^ > t). 



(6.24) 



We have for every x e (0, a) 



P*(T(°> >t) =E*[ J] 1 B(U ,,) 
(«, S )s^ t (0) 



[1-Pb) 



Hi 



(0) 



(6.25) 



since by the strong branchi ng p roperty, the random variables Z( M ' S ) are independent condi- 



tioned on By Lemma 



5.8 



and the assumption t ^ a , we have 



lE*^] -vra; z (x)t/a 3 | < Cwy(x), 
E :E [(i?J 0) ) 2 ] sc C(™ z (x)t/a 3 + w Y {x)). 



By Jensen's inequality, (6.26) and the inequality | log(l — z)\ ^ z + z for z < 1/2, 



E' J 



'1 "PB 



exp ( - irp B w z (x)^r(l + Cp B ) - Cp B w Y (x) 



(6.26) 
(6.27) 



(6.28) 



Furthermore, the inequality (1 — p) n < 1 — np + n(n — l)p 2 /2 and Equations K26k and KT?\ 
give 



;i ~PB 



(o) 



^ 1 - 7rp B w z (s)^(l - Cps) + CpBW(aj)- 



(6.29) 



The lemma now follows from (6.25), (6.28) and (6.29) together with the inequality 1 + z < e 
for zeR. C 



In the following lemma, note that according to the definition of the tiers, a particle starting 
at a starts immediately in tier 1. 
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Lemma 6.4. Let < t < ^g.2il - Then, for large A and a, 

Q a (T>t)>exp(-Cp B A(l s +r ] )). 

Proof. We have 

Q a (T>t) = Q a [ [I P Xu ^(T > t- s) > Q a [P u (T > t)], 

{u,s) e yi l) 

where v = s -) e yW $x u (s)- Since T > t implies > t, we have 

P U {T >t) = P U {T > t\T^ > t)P u {T^ > t). 

Let Z = and Y = Y^'°\ such that Y < r] Z, Q a -almost surely, by Lemma 

the definition of the "bad" event J3(0>°). By Lemma p. 3\ we have for large A, 



(6.30) 
(6.31) 



5.10 



(6.32) 
and 



P"(TW > t) > exp ( - Cp B Z (i, + r, 
Furthermore, with the notation from Section [5. 5| with p(s) = ps, 



(6.33) 



'[Q a (T 



P U (T > t\T® >t) = P V (T > t) = P"[ Y\ Q a ( T > * - *) > P' 

(u,s)ei? t (0) 

By Jensen's inequality and Lemmas |5.15| and |5.8| this implies 

P U (T > t|T (0) >t)> Q a {T > t)E"[^ 0) ] ^ q*(t > t yZ{t/a A +o{> n )) _ 



> 



Co) 



(6.34) 



Equations (6.31), (6.32), (6.33) and (6.34), together with Jensen's inequality and ( 6.15| ), now 
yield for large A and a, 



Q a (T > t) > Q a (T > t) 



■K 2 A{t/a?+0{r,)) 



x exp ( - Cpijyl (4 + 77) 



(6.35) 



By the hypothesis on t and (6.3), the exponent of Q a (T > t) in ( 6.35[ ) is smaller than 1/2 for 
large A and a. This yields the statement. □ 



Proof of Proposition ^. 1 ^ The upper bound follows from Lemma 6.3 and the trivial inequality 
T < T"(°) . For the lower bound, we note that as in the proof of Lemma 6.4 we have by Jensen's 



inequality and Lemma 5.15| 

P(T >t) = P(T > 1 1 T(°) > t)P(T^ >t)> Q a (T > i) E ^ 0) ]p(r(°) > t). 
By Lemmas |6.4| and |5.8| we have 

Q a (T > tf^ > exp ( - Cp B A(£ + r))(±Z + Y j), 

The lower bound in ( |6.22 ) now follows from (6.36), (6.37) and Lemma 6.3, together with the 
hypothesis on t, (6.3) and (6.14). □ 



(6.36) 
(6.37) 



Lemma 6.5. Define 7 = (ttpbZq) . Suppose that Yq < C and let a ^ and n e N. Then, 
for large A, for every I e N u {oo} ; 



fc=0 



A;! 



Furthermore, if ^ 5 = A o(l), then for large A and a, 



E[(T/a 3 )l (T ^ a3) ] = 7(1 + 0(AS + p B )) + 0((5 + j) e -°^) 



(6.38) 



(6.39) 
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Proof. We first note that we have, for n ^ 1 and p > 0, 



n-l 



in 



rCO 

Jo to k] P 



l)\a k 



,n—k 



(6.40) 



Now, we have 

E [( T (0;0/ a 3 



«) n l(T(o)^a3)] = J (< + a) n P(T(°^)/a 3 e dt) 

, f (t + a) n - 1 P(T(° ; ') > to 3 ) dt + a n . 
Jo 



sC n 



The inequality (6.38) now follows from Lemma 6.3 and (6.40) and the hypothesis on Yq. For 
the second part, we note that 

E[(r/a 3 )l (T ^ a3) ] = P(T > ta 3 ) dt - 5P(T > 6a 3 ), 
Jo 

and by Proposition |6.2| and the hypothesis on Yq, we have for t ^ 5 and large A and a, 
P(T>ta 3 ) = (l + 0(pB))e X p(- 7 - 1 t(l + 0(^ + p i j))). 



Equation (6.39) now follows from the last two equations. 



□ 



We now show how we can couple the variable T with an exponentially distributed variable: 

Lemma 6.6. Suppose that e~ A Zo = 1 + 0(e 3//2 ) and that Yq ^ i]Zq. Then there exists 
a coupling (T,V), such that V is a random variable which is exponentially distributed with 
parameter 7rpBe A , T is a (V) -measurable and P(|T/a 3 — V\ > e 3//2 ) Ce 2 for large A and a. 

Proof. For brevity, set p := irpBe A - Let F be the tail distribution function of T, i.e. F(t) : = 
P(T ^ t). The number of individuals in a BBM tree being at most countable, T has no atoms 
except oo. We can therefore define a random variable U which is uniformly distributed on 
(0, 1) by setting 

U = F(T)1 (T<00) + [/'F(oo)l (T=oo) , 

where U' is a uniformly distributed random variable on (0, 1), independent of T. Now we 
define V = — p~ 1 logU. Then V is exponentially distributed with parameter p and T = 
F~ l (e~ pV ), where F^ 1 denotes the generalised right-continuous inverse of F. Hence, T is 
cr(l A )-measurable. On {T < oo}, we have by Proposition 6.2 for a large enough, 

V = -p- 1 (7r PB e A e- A Z T/a 3 (l + 0(AT/a 3 + p B ))) + O(p B Y ) 



T/a 3 (l + 0{e 3 / 2 + AT /a 3 + p B )) + 0(p B e A r)), 



(6.41) 



by the hypotheses on Zq and Yq. Hence, by (6.2), (6.4) and (6.14), we have for a large enough, 

\T/a 3 -V\= 0{e 3 ' 2 T/a 3 + A(T/a 3 ) 2 ) + 0(e 2 ). 



But now we have by Lemma 6.3 for large A and a, 

P(T/a 3 > e 7 / 8 ) ^ P(T(°)/a 3 > e 7/8 ) ^ Ce- 0{ - £ ^ ^ e 2 /2. 
The statement now follows from ( 6.41| ) and ( |6.42 ) together with (6.1) 



(6.42) 



□ 
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6.3 The particles that do not participate in the breakout 



In this section, we fix r ^ fe.2il We define the law of BBM conditioned not to break out 
before r in the tiers 0, . . . , I by 

Pj(-) = P(-|T (cy) >r), with P = Poo. 

Expectation w.r.t. Pj is denot ed b y E;. Under the law P;, the process stopped at Jzf# then 
follows the law P from Section 



5.5 



with 

p(t) = p B l (t< T) + (1 " PB)Q a (T(°' l) ^r-t), 



(6.43) 



such that by Lemma 6.4 (6.3), (6.16) and the trivial inequality T^ ' 1 ' ^ T, we have for large 
A and a, 

blloo < C PB . (6.44) 



In particular, by Lemma 5.14, (5.2) and (6.44), we have for large A and a, 



(/i(x,0)) _1 < 1 + Cp B . (6.45) 

Lemmas 5.11 and 5.13 together with ( 6.44| ) and (6.45) now immediately imply the following: 

Corollary 6.7. Let x e (0, a), < t < t < fe.211 and g : [0,a] — > R+ be measurable with 
g(0i) = g{a) = 0. Define = Yu ue jr(°) 9{X u (t)) or = • Then, with as above, 

Ef [5 f (0) ] = (1 + O(p B ))E*[S f (0) ] and Ef [(sf ) 2 ] < (1 + 0(p s ))E*[(sf) 2 ]. 



Moreover, as in the proof of Lemma |5.15 one can show that 

Qf[Z] = (1 + 0( PB ))Q a [Z] and Qf[Z 2 ] < (1 + 0(p B ))Q a [Z 2 ]. (6.46) 
We define two nitrations (Sfj)z^o an d (^?)i>o by 



>(0i 



such that £f/ c c 5^+1 for every I. Now define for measurable / cz [0, r], 



(0 



' 0J 



(u,t)e.yi l) n(UxI) 



(u,t)ey'Pn(UxI) 



with ^0 = r Q t j and Ygy = ^0 r r n ■ Furthermore, recall from Section 
of Ztf' , ^0 + ^ and Z0 and the corresponding quantities for y. 
Lemma 6.8. We /lawe /or all < I, x e (0, a) and /arge ^4 and a, 

E,[zg +1) | S*] < (vr + Cp B )Q a [Z](^Z^ + CY^ k) ). 
In particular, for large A and a, 

Ez[zg +1) ] CA(^Z + CY ) (n 2 A(% + C^Mi) 
In the case k = 0, we also have for large A and a, 

%[Z$] >(tt- Cp B )Q a [Z](^Z - CY ). 



6.1 



the definition 



(6.47) 



(6.48) 



(6.49) 
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Proof. We have for ^ k ^ /, 

E,[zg +1) |J^] 



,t) 



Qt-k[Z]R { r\ 



(6.50) 



E,[ 2 

{u,t)e,^ k) 

since conditioned on the random variables Z^ u ^ are iid under P; of the same law as Z 
under Q"_ fc and independent of J^, by the strong branching property. Now, we have 

E, [R^ \%]= ^ BXu(t) i R r-t \T>r-t], 
such that by Lemma |5.8| and Corollary |6.7| 



E t [R^ | Sf fc ] < (1 + 0( PB ))(vr^zJJ ) + M 



■0 



(6.51) 



Equations (6.50) and ( |6.51[ ) together with ( 6.46[ ) give (6.47). Equation (6.48) follows easily 



from (6.47) by (6.16) and the fact that ^ ^Z^' ', P;-almost surely for 1 ^ k ^ I. Now, in 
the case k = 0, we have % = ^0 by definition. Denote the positions of the initial particles 
by x\, . . . , x n . By Lemmas |5.8| |5.15| and ( |6.44[ ), 

n n 

E,[4°>] = 2 Ef [4°)] > 2 E^[4°)] - b|| 00 E^[(4°)) 2 ] 



i=l 



i=l 



a d 



which yields (6.49). 



□ 



Lemma 6.9. Suppose that t ^ r. T/ien /or /arge ^4 and a, we /jawe 

v2 



E[Z t ] = Z (l + 7rQ a [Z]^ + 0(p B + (A£ 

If moreover t ^ 2a 2 , then 

C 



O(AY ), E[Y t ] ^C(Y + r,A^Z ) . 



E[Y t l (R o)] < ~{Zo + AY ) and P(R [t - a i jt] ± 0) < Cr^o + Z ). 



Proof. First note that we have inf xe [o )0 ] /i(x,0) ^ 1/2 for large A, by (6.45). Furthermore, by 
the hypothesis r < .21I an d (6.3), we have ^A^^ + Crj) ^ 1/2 for large A and a. The first 
two inequalities now follow from Proposition 5.2 Corollary |6.7| Lemma 6.8 (6.46) and ( |6.3 
by summing over k. In particular, if t > 2a 2 , then for large A and a, E[Z t _ a 2] ^ C(Zo + AYq 
and E[l^_ a 2] ^ Ct]{Zq + Yo). Together with Proposition 5.2 Lemma 
this proves the other two inequalities. 



5.8 



and Corollary 6.7 



□ 

In order to estimate second moments, we will make use of the following extension to the 
Many-to-two lemma (Lemma 3.5). For x, z e (0, a) and ^ t ^ r, we define fri2(x,t) to 
be the quantity fh~2(x,t) from Section 5.5 corresponding to the penalisation from (6.43) and 
pf\x,z) to be the density of tier I particles at position z and time t under the law P x , not 
counting the particles u with t < <Ji(u). Then set pt = + \ 

Lemma 6.10. Let w : [0, a] — > R + be measurable and define St = Yj(ut)e/V t w (X u (t))- Then 
&[S?]=E X [ V w(X u (s)) 2 ] + p f rm 2 (z,s)p s (x,z)E^[St] 2 dzd S 

„\= a/. -JO JO 



(u,s)e,_At 



J] E^i(«i)^i)[^]E^2(^).«)[5 t ] . (6.52) 

(u,s)e^t (vi,si),(f2,s2)e^("> s ),-!;i^-!;2 



92 



6. BBM with absorption before a breakout 



Proof. For (v\, Si), {v 2 , s 2 ) e JVt we write (v\,si) a (i>2jS2) f° r their most recent common 
ancestor. Then define for 1^1, 

= {((«!> si), (^2,^2)) e -yV 2 :vi^v 2 and if (vi,si) a (v 2 ,s 2 ) = {v ,s ), 



then T Z _i(t;o) < «o < 07(^0)}, 



and for I > 



^2 = {(( y i) s i) 5 («2,«2)) £ <A : wi ^ t>2 and if (vi,si) a (v 2 ,s 2 ) = (v ,s ), 



then ai(v ) < s < ti(v )}, 



We then have 
E t: 



2 ui(X t , 1 (si))w(X 1 , 2 (s 2 )) 

((fl,Sl),(t)2,S2))e£/ 1 (0 

= 2 2 E( x "i( Sl )' sl )[5 4 ]E( x "2( S2 )> S2 )[5 t ], (6.53) 

(M,s)e,S? t (0 (fi,si),(«2,S2)e 1 5^( u ' s ), ui^«2 



and by Lemma |3.5| (see also Remark 3.4), 
E*[ ^ ^(X V1 ( S1 ))«;(X„ 2 ( S2 )) 



ft 



f f m 2 (z,s)pW(x,z)E^[S t ] 2 dzds. (6.54) 
Jo Jo 



Equations (6.53) and (6.54), together with (3.5) and the tower property of conditional expec- 
tation yield the lemma. □ 

Remark 6.11. An analogous result holds for R^. 
Lemma 6.12. We have for every t < r, 

Var(Zi) s: Cee A (^Z + Y ) and Yai(R t ) sc Cee A (^Z + Y Q 



Proof. By Lemma 6.9 and the hypothesis t < r ^ l\6. 2 i\ , we have for every x 6 (0, a) and s < i, 



Now, as in the proof of (5.20), we have by ( |6.55 ) and Corollary 6.7 

£ J o a p(°)(x,z)E^)[Z t ] 2 dzd S s= CA 2 ^w z (x) + w Y (x)), 



(6.55) 



(6.56) 



which yields 



f \ a m 2 {z, s)p s (x, z)E^ [Z t ] 2 dz ds 
Jo Jo 

<CE*[ 2 £ J o °p( _ ) So (X w ( So )^)E(^)[Z t ] 2 d^d S 



' (M,So)6^t 



(6.57) 



^^E*[% )[o , t] ] + E*[y , [O: 
sc CA 2 ^w z (x)+w Y (x)^, 
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by Lemma 6.8 and the hypothesis t ^ r ^ 46.211 - Furthermore, by (6.55 ), (6.3 ) and Lemma 5.10 
we have 

^ ^ E (Xl, i (si) ' sl) [Z t ]E (Xt, 2( s 2),s2)|-^ t j 



^ CQ a [Z 2 ]E x [R t ] sc Cee A ( -^w z (x) + w Y {x) ) , (6.58) 



by (6.17) and Lemmas 5.8 and Corollary 6.7 Lemma 6.10, together with (6.57) and (6.58) 
as well as Lemma 6.9 and the inequality w 2 z < Cwy gives 



Var~(£ t ) sc E x [{Z t ) 2 ] sc Cee A (^w z {x) + w Y {x)). (6.59) 



Summing over the initial particles yields the inequality for Vax(Zt). The proof of the second 
inequality is analogous, relying on Lemma 5.8 and Remark |6.11| □ 



We finish the section by a corollary which will be useful in the next section. 

Corollary 6.13. Suppose that t ^ r and x £ (0, a). Then for large A and a, we have 
W[Z t ] s$ CAe-^-^l 2 , E x [Zf] s$ Cee A e- ( - a - x ^ 2 and E x [Y t ] Ce"^)/ 2 . 



Proof. Immediate from Lemmas 6.9 and 6.12 and (5.2). 



□ 



6.4 The fugitive and its family 

We now describe the BBM conditioned to break out at a given time. Recall that ^ 
denotes the fugitive. For simplicity, we write t\ and 07 for 77 (^) and ai(W), respectively, 
I e N. On the event T = T^ l \ we define to be the ancestor of alive at the time o~j, 
j = 0, . . . , I. By the strong branching property, we have the following decomposition: 



Lemma 6.14. Let k e N 7 I e N u {00} with I ^ k and t 5= 0. Conditioned on J?o, T^ = 
= t, tq and the BBM admits the following recursive decomposition: 

1. The initial particles u ^0 spawn independent BBM conditioned on T^ ' 1 ^ > t, 

2. independently, the particle spawns BBM conditioned on a particle (call it Wq) hit- 
ting a for the first time at the time tq, all the children of which born before tq being 
conditioned on T^ '^ > t. 

(a) If k = 0, this particle ^ spawns BBM conditioned on the event B of a breakout. 

(b) If k > 7 it spawns BBM starting at the space-time point (a, to) conditioned on 
y(0;Z) _ y(fc) _ ^_ j n particular, if we write 5? = y(%> T0 ) , then conditioned 
on cfiy, the particles in 5^ spawn BBM starting from the collection of space-time 
points ' , conditioned on T^ ' 1 ^ 1 ^ = T^ 1 ) = t. 

Note that in the case 2b above, the subtree spawned by (^q,to) follows the law Q con- 
ditioned on T(° ;/ ) = = t, hence the law of y(%' T o) is not the same as under Q. In 
particular, E[Z^O' r o)] ^ CA. Indeed, conditioning on one of its descendants breaking out at 
a later time corresponds to a kind of size-bias on the number of particles. However, it is still 
true that Z^o^o) 

< ee A , by the definition of a breakout. 
Lemma 6.14 gives a decomposition of the BBM conditioned on into k + 1 pieces. 
In order to describe what happens in a single piece, define to be the c-field generated 
by the family of events ({T™ = T^}) keN and by <& , (X^(s)) a ^ s<T] , {d u ,k u ) u <<?/ and 
y(^> T j\ for j = 0, . . . , k, on the event {T^ = T^}. Note that in particular, on the event 
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jj>(0;0 _ yC*;)^ (fy^crj) are ^^-measurable, j = 0, ...,k. It is plain that conditioned on 
J^gr, the subtrees spawned by the children of the ancestors of % during the intervals [ijj, Tj) 
are independent BBM conditioned not to break out before t. 

It remains to describe the trajectory of the fugitive and its reproduction. By a decom- 
position at the first time of branching as in Section 3.4, we could describe the law of BBM 
starting from a single particle at position x at time and conditioned on a particle hitting a 
for the first time at a time s < t, all the children of which born before s being conditioned 
on T > t. However, it is faster to use the Many-to-one lemma instead, which is the method 
of proof of the following lemma, which we state for general penalisations p(s). This result is 
essentially |64[ Theorem 1]. 

Lemma 6.15. Let t ^ 0, x e (0,a) and p : R + — * [0, 1] be mea sura ble with p(s) = for s 



large enough. Denote by P the law associated to p{s) as in Section 5.5. Recall the definition of 



e(x,t) from (5.51). Then, given a family of =^^,(0) -measurable non-negative random variables 
(Y u )ueU, we have 



E x |Y u |auE U : (u,t) eM x 



(0) 







H (0 > H a (ti) = t 






H (0 > H a (0 = t 





where under p*> x ' ; the spine follows standard Brownian motion and spawns particles with rate 
m{(x, t)PoQ(x, s) according to the reproduction law {{rni{x,t))~ l kq{x,t,k))]~^Q, which start 
independent P-BBM. In particular, conditioned on (X u (s))o<i S <zt and (d v ,k v ) v < u , the children 
of the ancestors of u follow independent P-BBM. 



Proof. We have 



E x 



3ueU : (u, t) e M } 



(0) 



S(«, a )e*W 1 (H a (X u )edt)Y u 



^(u,s)e.^ 1 (H a (X u )edt) 



and by Lemma [3~T 



E 



1 2 



L(H a (X u )edt) 



Y a 



ds -i 



l (H (t)>H a (Oedt) 



(6.60) 



(6.61) 



According to the description of the conditioned process in Section 5.5 and the description of the 
spine in Section |3.3| the particles on the spine follow the Doob transform of Brownian motion 
with drift — fi by the harmonic function h{x, t) and spawn particles with rate fn{(x, t)/3oQ(x, s) 
according to the reproduction law {{m\{x, t))^ 1 kq(x, t, k))k^o- With Girsanov's transform, 
(6.61 ) yields, 



E' 



| 1 {H a (X u )edt)Y u 



h(x,0) 



(H (S)>H a (t)edt) 



(6.62) 

Equations (6.60) and (6.62) yield the first statement. The second statement follows by taking 
appropriate test functionals (Y u ) ue jj. □ 



Corollary 6.16. In addition to the assumptions in Lemma 6.15 suppose t e [0,a 3 ] and 
IHIcc ^= c p, where c p is some universal constant implicitly defined below. Then, 



Y, 



3u e U : (u, t) e 



^ CE* 



Ye. 



H (0 > H a (0 e dt 



(6.63) 
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a 




Figure 2.2: A visualization of the bar- and check-particles: The path of the fugitive until the 
breakout (depicted by a cross) is drawn with a solid line, the bar-particles (spawned between 
the times 07 and 77) with dashed lines and the check-particles (spawned between the times 77 
and 07+1) with dotted lines. 



Proof. By Lemma 2.2 the inequality e x > 1 — x and the hypothesis on t, we have 

W t %Zi^ UXs ' s)dS ] > (1 " C\\pU). (6.64) 



E 



H (0 > H a (0 = t 



The statement now follows from ( 6.64[ ) and Lemma 6.15 



□ 



We come back to the BBM conditioned to break out at a given time and set up the 
important definitions. Recall that ^ denotes the fugitive. We will denote by a bar the 
quantities referring to the particles spawned between the times o\{ftt} and 77 (^) for some 
I > 0, and by a check those referring to the particles spawned between the times Ti(%) and 
ai + i('W). See Figure 2.2 for a visualization. Formally we set 

Jf= {u e JT t : (u,t) A(W,T)eUx (JfaW^W)}. 



1^0 



<%t = {(u,s) e\jM l) ■ («,*) A(f,T)e[/x |J[^W^W))} 



1^0 



1^0 



and 



jY t = {u e JV t : a (<2r,T) e £7 x [J^-i^), ^W)}- 



We then define 



and 



Z t = ^ w z {X u {t)) } Y t = J] u*(X«(t)), Rt = #M u 



Z t = 2 «7Z(*«(*)), ^ = 2 
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Note that on the event T = T^°\ we have jV(T) = by definition. 

By Corollary 6.13 the following -measurable functional will be of use in the study of 
the bar-quantities. 



£ £ l(^<^)(*u - l) e -(«-^(*.))/2, on {T = r«}. 



(6.65) 



where we recall that d M and fc u are respectively the time of death and the number of children 
of the individual u. 

Lemma 6.17. For large A and a, we have for every I e N, 

E[Sb\T = T® <C(Z + 1). 



Proof. By Lemma 6.14 and Corollary 6.16 (which can be applied because of (6.44)), we have 
for every I e N, 

e[<% | r = tW < feaji < c V E[w"i [ f ' 1 e -^ fl *^ dt] r = < ^ 

i=o L LJ o J 

where W% is the law of a Brownian bridge of length T{ — o~i from X^{ui) to X^(rj). The 
statement now follows readily from Lemma 2.2 □ 



We can now study the probability that the fugitive stems from a given tier. 

Lemma 6.18. Suppose that C\e A < Zq < C^e" 4 anc? Yo s% ?/^o- T/ien /or Zarye A and a, we 
have for I e {1, 2}, 

P( T (J+) < T (0;«-i)) ^ C(eA) 1 , 
Proof. By (6.2), ( 6.14[ ) and ( ]6.46 ), we have for large A and a, 

P(T (0) > fenj) s£ exp(-CM/e) sc exp(-C/Vi). (6.66) 

Now, for the rest of the proof, let t < / jg,2i| and let v = <W We have by the decomposition 
(6.20) of the process conditioned on T^ '' -1 ) = t, 



p*( T 0+) > t 1 T (o ; z-i) = f) = piP""^ (T^+) > t 1 T^ ^ 1 ) > t) 

x p«i( T a+) >t|T^- 1 ) = t) (6.67) 



i=l 



Define q = 7r 2 j4(t/a 3 + Qqa8V 1)i which is less than 1/2 for large A and a by the hypothesis on 
t. By Lemma |6.8|and the hypothesis, we have for every j < I, 



and moreover for every (x,s) e (0, a) x [0,i], 

For every k ^ I — 1, (6.68) applied to the particles in =5^ , j = 1, . . . , yields 
E[zg> | T« = T^- 1 ) = t] < Cee A c^' sc Cee^. 



(6.68) 



(6.69) 



(6.70) 
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Moreover, by (6.69), Corollary 6.13 and Lemma 6.17 we have 



E[Z§ | = T^- 1 ) = t] ^ CAd 



l-k 



In total, we get by (|6.68|), (|6.69|) and (|6.70|), the hypothesis on Zq and (|6.2|), 



B[Z {1) 







Z§ +Z%\tW =T W-i) = t]<C e' 



EC 



l-k 



Jensen's inequality and Proposition 
give 



6.2 



together with (6.72) and the inequality 1 — e 



P ( T (z+) < 1 1 T (k) = r (0;i-i) = t j ^ C Q ( e -i^ + c ; 



Summing (6.73) over fc, the law of total expectation gives 

P ( T (l+) < 1 1 T (0;J-i) = t j ^ Cc t (e- X 4 + ct). 



(6.71) 
(6.72) 

ss x 

(6.73) 
(6.74) 



The lemma now follows by integrating (6.74) over t from to ^21] and using Lemma 6.5 and 
(E66l). □ 



Remark 6.19. One may wonder whether one can simply calculate P(tW £ dt | T^" 1 ) > t) 
for every I ^ 1 and t < ^6.2il i using only the tools from Section |6.3| This would require fine 
estimates on the density of the point process formed by the particles from tier I — 1 hitting 
a just before t. These estimates can be most easily obtained if one stops descendants of the 



particles hitting a at a (large) fixed time £ instead of the line from Lemma 5.10 with which 
the results in this paper would hold as well. However, in order not to lose generality, we stick 



to Lemma 6.18, which is enough for our purposes. 



7 The B-BBM 

We will now define properly the BBM with the moving barrier, also called the B-BBM 
(the "B" stands for "barrier"), which will be used in the subsequent sections to approximate 



the iV-BBM. We will still use all the definitions from Section 6.1 with one notational change: 



Recall that by (6.20), we can decompose the process into two parts; the first part consisting 



of the particles spawned by the ancestor of the fugitive and the second part consisting of the 
remaining particles. As in Section [6.4| the quantities which refer to the particles of the first 
part will be denoted by a bar (e.g. Z) or check (e.g. Z). The quantities of the second part 



will be denoted with a hat in this section (e.g. Z), in reference to the law P from Section 6.3 



7.1 Definition of the model 

Suppose that we are given a family (f x )x^o of non-decreasing functions f x e ^ 2 (R, R+), 
such that for each x ^ 0, f x (t) =0 for t ^ 0, /a (+00) = x and for each S > small enough 
there exist xq = xq(8), to = to(6), such that 

1. xo(5) — > 00 as 5 —*■ 0, 

2. \\f x \\ ^ 5- 1 for all x e [0,x ], 

3- fx(t) > (1 - 5)x for all t ^ t and 
4. t < S- 1 . 

where ||/|| is defined in (5.4). A family of functions with the above properties exists, for 



example the following, which we will choose in Sections [8] and [9j 



/ s (t) = log(l + (e a! -l)fl(t)) 



(7.1) 
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Figure 2.3: A caricatural graphical description of the B-BBM until the time Q±. The fugitive 
and its descendants are drawn with thick lines, the other particles with thin lines. A breakout 
happens at time T and the barrier is moved from the time T + on. Note that technically we 
increase the drift to the left instead of moving the barrier. The three important timescales 
(1, a 2 and a 3 ) are shown as well. 



For every A and a, let vq 



A,a 



be a (possibly random) finite counting measure. We now 



define the B-BBM with initial configuration of particles z/q. Starting from BBM with constant 
drift —\i with initial configuration Uq, we define for each n £ N a stopping time n and for 



each n e N* the barrier process (A"} )te[0 n -i,& n ] as f°ll° ws: 

1. We set 9 = 0. 

2. Denote by T = T\ the ti me o f the first breakout of the BBM absorbed at and by % 

We set X\ 1] = for t e [0,T]. 



6.1 



3. 



the fugitive, as in Section 
Define T~ = (T - e A a 2 ) a and 

—A 



A = log ( e 



vT- 



Z^^)) v 0. 



(7.2) 



where Z r 



if T~ >t {<%) and 



Z 



(i) 



4. 



'0vT~ — "t 
defined in Section 6.4 after Corollary 6.16| 

Define T+ = T+ = T + t^ T) and &i = (T 
also 0i is a stopping time for the BBM. Now define 

T+ 



otherwise. The above quantities are 
v T + . Note that T + and therefore 



e A a? 



X 



[i] 



/a 



t 



,te [T+,0i]. 
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We then give to the particles an additional drift — (d/d^A'j 1 -' for t e [T + ,@i], in the 



meaning of Section 5.1 



5. We have now defined T\, T-j*", Oi and XM. We further define i>\ to be the measure 
formed by the particles at time 0i, which have never hit 0. To define T2, T% , O2 
and XK, we repeat the above steps with the process formed by the BBM started from 
those particles, with the definitions changed such that the barrier process starts at 
Xq^ = Xq\ time starts at Gi etc. 

6. We now construct the barrier process xl from the pieces by xj- 00 -' = x\ n \ if t £ 

[e n _i,e„]. 

Define the event Go = {supp^o c (0, a), \Z$ — e A \ e 3//2 e" 4 , Y$ < 7]}. Recall the definition 
of the phrase "As A and a go to infinity" from Section 6.1 Define the predicate 

(HB) (The law of) vq is such that P(Go) —* 1 as A and a go to infinity. 
(HBo) ^0 is deterministic and such that Go is verified. 
Furthermore, if for some n > 0, (t^' a )™ =1 e R" for all A and a, then define the predicate 
(Ht) There exists ^ t\ < ■ ■ ■ < t n , such that for all j e {1, . . . , n}, t A ' a — > tj as A and a go 
to infinity, with t l ,a = if t\ = 0. 

Theorem 7.1. Suppose (HB). Letn 5= 1 and {t A ' a )^ =l e R™ suc/i that (Ht) is verified. Define 
the process 

(X t ) t>0 = (X^J - n 2 At) t ^. 
Then, as A and a go to infinity, the law of the vector (X t A,a)™ =1 converges to the law of 
(Lt j ) 1 j =1 , where {Lt)t^o is the Levy process from Theorem 



1.1 



A stronger convergence than convergence in the sense of finite-dimensional distributions is 
convergence in law with respect to Skorokhod's ( Ji-)topology (see |78[ Chapter 3]). Obviously, 
the convergence in Theorem 7.1 does not hold in this stronger sense, because the barrier 
is continuous but the Levy process is not and the set of continuous functions is closed in 
Skorokhod's J\ -topology]^] However, if we create artificial jumps, we can rectify this: 

Theorem 7.2. Suppose (HB). Define J t = X^J , if t e [6 n ,e n+ i), for neN. Then as A 
and a go to infinity, the process (X^^o = {J a 3 t ~ 7t 2 At)t^o converges in law with respect to 



Skorokhod's topology to the Levy process defined in the statement of Theorem 7.1 



For each n > 1, we define the event G n to be the intersection of G n _i with the following 
events (see Section 6.1 for the definition of JVt): 

- supply a (0,a), 

- jy Qn c[Jx {6 n } and 6 n > T+ (for n > 0), 

- \e- A Z en - 1| < e 3 / 2 and Y &n s= rj. 

Note that G n e J^e„ for every n ^ 0. 

The core of the proof of Theorems |7.1| and |7.2| will be the following proposition: 

Proposition 7.3. Fix A e R and define 70 = {irpBe A )~ l ■ There exists a numerical constant 
e > 0, such that for large A and a, we have P(GJj | J?o)1go ^ ne 1+e for every n ^ and 



logE 



e 



^0 



lGo = («7o(«(A) + i\TT 2 A + o(l) + 0(e £ ))) l Go . (7.3) 



where n(\) is the cumulant from (1.1) and where o(l) and 0{e e ) may depend on X. 



6. One could prove convergence in the Mi-topology (cf. [1421 Section 3.3]), but the use of this less standard 
topology would lead us away from our real goal: the proof of Theorem 
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7.2 Proof of Proposition |7.3 



First note that conditioning on J^o, we can and will assume without loss of generality that 
the hypothesis (HBo) holds and will only state it again in the lemmas. In the same vein, we 
will always assume that A and a are large and will omit stating this fact, except again in the 
statements of the lemmas. 

Furthermore, it is only necessary to treat the case n = 1, since the rest can be ob- 
tained by induction: Suppose that we have shown the result for n = 1. Since the pro- 
cess starts afresh at the stopping time B n , we then have P(G n \G n+ i | ^e„) ^ £l+e lG„ f° r 
every n ^ 0, which implies the statement on the probability of G n . Similarly, if we set 



k'(A) = 70 (k(A) + i\7r 2 A + o(l)), where o(l) is the term from (7.3), then 



E 



3 e n+1 e^l Gn+1 |JT en 



e «'(A)+o (e e) + Q (P(Gn \ Gn+1 1 ^ e J) j i Gn 



because 70 = e(l + o(l)) by (6.14). It follows that 



E 



i\X 



[a:] 



G n 



2 k'(a)+o( £ £ )e 



i\Xp^ - -1 

e e ™ 1 



go] 



By induction, and the fact that P(G^ +1 ) ^ ne l+t ^ e°^ e +£ \ we then obtain (7.3) 



Throughout the proof, we will work on several "good sets", which we all define here for 
easy reference, since they will be reused in the following sections. For this reason, some of 
them (for example G) are actually more restrictive than what would be necessary for the 
proof of Proposition |7.3| 

- = {e A a 2 sc T sc ^ea 3 , T = T^ 1 ), sc e A l 3 }. 

- G fug = {Z(" ;/ < T ) sc e A /e} n ' X) (the event G^ ^ was defined in ((6T0J)). 

- G = {\Z T - - e A \ s; e l ' i e A , Y T - s; a^e 3 ^ 2 }. 



G 



5vT" 



^ e 1 / A e A , Y0 vT - < e A l 2 } (we define i« vT - analogously to Zg vT - 



Ga = Gt% n Gf U g n G n G. 

G n bab ("nbab" stands for "no breakout after breakout") is the event that no bar-particle 
breaks out between T and Q\ + e A a 2 and that no hat-, fug- or check-particle (fug- 
particles = descendants of J/'^ / ' T ^ hits a between T~ and Oi 



e A a 2 . 



Recall the definition of from Section 6.4 and set J^a := v #j>- v J^-, such 



that Ga e an< i the random variable A is measurable with respect to J^a- Define further 
Z/\ = Z T - + ^(^> T ) + Z,0 vT - and Ya analogously. Finally, define P n bab = P( - 1 G n b a b)- 

The probability of Ga- 

Lemma 7.4. Suppose (HBo). For large A and a, we have P(G A ) > 1 - Ge 5 / 4 . 
Proof. By Proposition |6.2| and Lemma |6.18 we have 

P(e A a 2 s; T sc Ve« 3 , T = T (0;1) ) ^ 1 - CA 2 e 2 . (7.4) 



Since yfe ^ ^g ^il f° r large A by (6.1), Equation ( |7.4[ ) and Markov's inequality applied to 

P(G^) ^ 1 -CA 2 e 2 . (7.5) 



Lemma 6.17 yield 
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Furthermore, by (6.13), we have, 

P(Gftg) < Pb 1 ( pa K > - 2rj) + 7?) < Ge 2 , 



(7.6) 



by (4.5), (6.2), (6.3) and (6.14). 



In order to estimate the probability of G, we will calculate first- and second moments of 
the quantities in the definition of G. These estimates will be needed again later on, when we 
calculate the Fourier transform of the variable A. 

By Lemma 6.9 and the hypotheses, together with (6.14), ( |6.2[ ) and ( |6.3[ ), 

B[e- A Z T - | J%]1 G<5 , = 1 + wQ a [Z]^ + O (e 3 ' 2 + {A?) 2 ) , 
which together with Lemma |6. 12| gives 

B[(e- A Z T - - l) 2 | &v\\ Gv s; Var(e- A Z T - | J^)1 G ^ + C {(A?) 2 + e 3 ) 



(7.7) 



(7. 



by the hypotheses on the initial configuration. Lemma |6.5| and (7.7), together with (6.1) 



(6.4) and (6.15), now give 

B[e- A Z T - | G v ] = 1 + 7T 2 7 o(A + loge + (^$1+ o(l)). 



Similarly, (7.7) and (17. 81) and Lemma 6.5 



give 



E[{e~ A Z T - - l) 2 | G v ] = 0{A 2 e 2 ) 



(7.9) 



(7.10) 



Furthermore, by Lemma 6.9 and Markov's inequality, together with (6.3) and the hypotheses, 
we have 

P[Y T - > e 3A/2 /a | G*] < Ce- A/2 . (7.11) 



By the same arguments, and since Z t 
have 



(i) 



< ee A l 



(T=T(!)) 



by the definition of a breakout, we 



B[e- A Z 0vT - | i%]l G ^ sc Gel (T=T(1)) (7.12) 
E[(e- A Z 0vT -) 2 | J%]1 G ^ < Ce 2 l (r=T(1)) (7.13) 
Efe v T- I ^"*]1g* < e A V sc e- A , (7.14) 
be (6.3). Equations (7.11) and ( |7.14 ) and Chebychev's inequality applied to (7.10) and ( 7.13| ) 

P(GuG|G t )^l-e 5/4 . (7.15) 

□ 



together with (6.1) now give 



The lemma now follows from (7.5), (7.6) and (7.15). 



The probability of G n b a b- 
Lemma 7.5. We have P((G n bab) 



=^a)1ga ^ f or l ar 9 e A and a. 



Proof. Define R\ 



i?rT- 



[T-.Oi+e^a 2 ] 



A„21 + R, 



fug 

[T,©i+e A a 2 ] 



R [T-,Bi+e A a 2 ] 



By Markov's inequality, 



Lemmas 5.8, and 5.9 and Corollary |6.7| we have 

P(i*i > | #a)1g a C(Z A e A /a + Y A ) sc Ce 2 , 



by the definition of Ga, (|6.2|) and (|6.3|). Now, by Corollary 6.13 



B[Z T | ^a]1g a < CAR* < CAe A/3 and E[y T | ^a]1g a < G<% s; Ce 



A/3 



where we used the fact that zS ^ ee A by the definition of a breakout. By Proposition 
and the inequality 1 — e~ x x, the probability conditioned on J^a anci on Ga that a check- 



6.2 



or bar-particle breaks out between T and 0i is now bounded by pse A ^ 3 ^ Ge 2 by (6.14) and 
(6.2). This yields the lemma. □ 
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The particles at the time 0i. The probability of G\. Recall that from the time 
T + = T + Tmax T ' > on, we move the barrier according to the function /a, which is equivalent 
to having the variable drift —fit = —fJ> — f £s.(t / a 2 ) / a 2 . On Gf ug , we have T + ^ T + £ and 
©i = T + e A a 2 . Furthermore, < A ^ Clog(l/e) on Ga and by the hypotheses on the 
functions {f x ) and (6.2) it follows, 

on Ga : || /a || ^ and A — X, 

where || • || is defined in (5.4). 



[i] 
9i 



0{e- A '% 



(7.16) 



Lemma 7.6. Suppose (HBq). Then P(Gi) ^ 1 — Ge 5//4 for large A and a. 



Proof. By Proposition 5.2 Lemmas 5.1 and 7.5 Corollaries 6.7 and 6.13 and (7.16), 

E nbab [e- A Z 6l | ^a]1g a = e- A - A (Z A + A%)(1 + O^ 2 )) = 1 + 0{ e - A l 2 ) 
Var nbab (e- A Z ei | ^a)1g a *S Cee- A - A (Z A e A /a + Y A + fa) sc Gee" 2 ^ 3 , 

such that by Chebychev's inequality and ( |6.2[ ), 

Pnb^(\e- A Z @1 e 3/2 ) < Ce 2 . 

Furthermore, by Lemma |6.9| Corollary 6.13| and Markov's inequality, we have 

Pnbab(suppi/ ei c (0, a), Y Ql ^v\ ^a)1g a < e A /(ar?) + Ci]e A < Ge 2 , 



(7.17) 
(7.18) 



by (6.3) and (6.2). The lemma now follows from (7.17) and (7.18) together with Lemmas 7.4 
and 17.51 



□ 



7.6 



obviously still holds if one replaces G x by Gin{\e- A Z ei -1| < ±e 3 / 2 }. 



Remark 7.7. Lemma 
This will be needed in Sections [8] and [9l 



The Fourier transform of the barrier process. Define A, 
and A 



drift 



(Zr- + Z c 



vT~, 



jump 



e A Z^' T \ which are independent random variables. Recall that A > on Ga- 



By (7.12) and Lemmas 6.18 and 7.4 we have 



E[e- A Z 0vT - | G?/] sc GeP(T = | G v ) < CAe 2 



such that with (7.9), we get, 

E [Adrift I Gf/] = vr 2 7 o(^ + loge + c + o(l)). 
Furthermore, (7.10) and ( |7.13 ) and the inequality (x + y) 2 < 2(x 2 + y 2 ) yield 

E [(A dr ift) 2 | G?/] =0(e 2 A 2 ). 



Equation (7.20) and (6.1) imply 

P(|A d rift| 



> 



e V3 5 Grw) = {e^A 2 ) = 0(e 7 / 6 ). 



(7.19) 
(7.20) 
(7.21) 



Fix A e R. Since log(l + x + y) = log(l + x) + log((l + y)/(l + x)), we have by (7.16), 



(7.21) and Lemma 7.4 



Ete^ei ] = E[e^ A l (|Adrift|<£l/3) l GA ] + O(e^) 



(7.22) 
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for any A £ R. We will first study the term concerning A jump . Write Z = Z^ ^ and let p 
be a real- valued constant with \p\ < e 1//3 . Then, 



E[ei Alog(l+%HP) ] = E[e ,.Alog(l + ^) | z > £eA] + O (P-((G(0'°)) C )) 

rCO 

= J g(x)P(e- A Zedx\Z> ee A ) + 0(e 2 ), 



(7.23) 



where 



g(x) = exp (iAlog (l + ^ 
By definition of ps and rj, we have 

J xP{e- A Z e dx | Z > ee A ) = [p B + <D(r ] ))- l V[e- A Zl {ee A <z ^ e A ) \ 

= vr 2 7o(-loge + o(l)), 



by (4.6), (6.2), (6.3), (6.14) and (6.13). It follows that 



rCO 

1 9( 



x)P(e- A Ze dx\Z > ee A ) 



rCO 

l + avr 2 7o(l + p)" 1 (- 1 oge + °( 1 )) + J h{x)P{e- A Z e dx | Z > ee A ), (7.24) 



where we define h(x) = g{x) — 1 — + p)~ 1 xl( x ^ for x ^ 0. Denote by h~ (x) its left-hand 
derivative. Note that |/i(x)| ^ C(l a x 2 ) and |/i _ (x)| < C(x _1 a x 2 ) for x > 0. By integration 
by parts, (4.5) and (6.13), we have 

rCO 



x)P(e- A Z e dx\Z > se A ) 



H £ ) +P B 1 ( l + °( 1 ))( J h-{x)P{Z > xe A )dx + (h(l+) - h(l))P(Z > e y 

tt 2 7o( J" h-(x)^dx + (h(l+) - h(l)) + o(l)) 

f 00 1 
o(l)) /i(x)^dx. 
Jo ^ 



(7.25) 



7T 7q(1 



Now, one readily sees that 

rCO i no 

h{x)^dx = i\(c' + o(l) + O(p)) + 
Jo x Jo 



1 — i\xlr x ^u A(dx), 



(7.26) 



where A(dx) is as in the statement of Proposition 7.3 and d is a numerical constant. Equations 
(7.23), ( 7.24[ ), (7.25) and (7.26) and the Taylor expansion of e~ x at x = now yield 



E[e ^io g (i + 4ff)] 

7o(avr 2 (-loge + c / + o(l) + vr 2 J ' A ' 



exp 



e lXx - 1 - iAzl^i) A(dx)J + 0(e\ \oge\p) 

(7.27) 
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Coming back to (7.22), we have by the Taylor expansion of (1 + x) lX at x = 0, 

T7r p iA(log(l+A dr ift)+0(e| loge| A drift )) -. -■ ] 

- L (|A drift |<e 1 ' / ' j )- lG AJ 

= E[(l + iAAdrfft + OCA^))!^^)] + 0(e 9 / 8 ) 



by Lemma 7.4 and (7.21) 
1 + i\ir 2 j (A + loge + c + o(l)) + P(T > Vea 3 ) + 0(e 9/8 ) by ( [7191 ) and ( J7j0) 
exp iA7T 2 7 o(^ + loge + c + o(l) + 0(e 1/8 )), 



where the last equation follows from Lemma 6.3 and the Taylor expansion of e x at x = 0. 
This equation, together with (7.22) and (7.27) and the fact that Aj ump is independent from 
Adrift; T and Gbuiki yields (7.3) in the case n = 1. 

7.3 Proof of Theorems O and O 

We define the process (X")t^o by 



x" = 

* e tt7 - 1 a3j 



Proposition 7.8. Suppose (HB). Then, as A and a go to infinity, the process (X")t^o con- 
verges in law (with respect to Skorokhod's topology) to the Levy process (Lt)t^o defined in 
Theorem \1.1\ 

Proof. Conditioning on J^o> we can assume without loss of generality that the initial config- 
uration uq is deterministic and that Go is verified. Denote by (^l')t^o the natural filtration 

of the process X'J and note that = , , c J^V , . In order to show convergence 

* ' 70 L t7 J L*V J 

of the finite-dimensional distributions, it is enough to show (see Proposition 3.1 in |107| or 

Lemma 8.1 in |78| . p. 225), that for every A e R. and t, s > 0, 



E 



0. 



(7.28) 



as A and a go to infinity. Now, define n := \ t^ Q J and m := [(t+ s)-f n J, such that (m— n)7o 



s + A 1 o(l), by (6.1) and (6.14). Then we have by Proposition 7.3 
E[e^.-^)|^ em ]lG. 



exp( S ( K (A) + o(l) + 0(e £ )))l G 



(7.29) 



In total, we get for A and a large enough, 



E 



9(l)+0( £ £ )) 



1|] + P(G£ 



By Proposition 7.3, this goes to as A and a go to infinity, which proves (7.28). 

In order to show tightness in Skorokhod's topology, we use Aldous' famous criterion [8] 
(see also [35J, Theorem 16.10): If for every M > 0, every family of (i£"/')-stopping times 
r = t(A, a) taking only finitely many values, all of which in [0, M] and every h = h(A, a) ^ 
with h(A, a) — > as A and a go to infinity, we have 



X" +h — X T — > 0, in probability as A and a go to infinity, 



(7.30) 



then tightness follows for the processes X" (note that the second point in the criterion, 
namely tightness of X" for every fixed t, follows from the convergence in finite-dimensional 
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distributions proved above). Now let r be such a stopping time and let V T be the (finite) set 
of values it takes. We first note that since G n 3 G n +\ for every n e N, we have for every 
t 6 V T and every A and a large enough, 



(7.31) 



by Proposition 



7.3 



Moreover, since ^/ c _ a for every t ^ 0, we have for every A > 0, 



(r=t) 



ieV T 



V B\B[e lX ^- x '^ | ^ T ]l (r=t) l G _J + 0(Me") by ( pi] ) 



3 fe( K (A)+o(l)+0( £ £ )) ( 



l-0{Me e )) + 0{Ms e ), 



by (7.29) 



which converges to 1 as A and a go to infinity. This implies (7.30) and therefore proves 



tightness in Skorokhod's topology, since M was arbitrary. Together with the convergence in 
finite-dimensional distributions proved above, the lemma follows. □ 

A coupling with a Poisson process. Let (V n ) n ^o be a sequence of independent exponen- 
tially distributed random variable with mean 70. In order to prove convergence of the processes 
X' t and Xt, we are going to couple the BBM with the sequence (V n ) in the following way: Sup- 
pose we have constructed the BBM until time n _i. Now, on the event G n —±, by Lemma [6. 6| 
the strong Markov property of BBM and the transfer theorem ( [100] . Theorem 5.10), we can 
construct the BBM up to time G n such that P(|(T n - G n _i)/a 3 -V n \> e 3/2 ) = 0(e 2 ) (recall 
that T n denotes the time of the first breakout after n _i). On the event G^_ 1; we simply let 
the BBM evolve independently of (Vj)j^ n . Setting G' n = G n n{Vj < n : |(T 3 — %_i)/a 3 -V;-| «S 



e 3 / 2 }, there is by Lemma 6.6 and Proposition 7.3 a e > 0, such that for large A and a 



P(G' n )>P(G )-nO(e l+ t) 
Furthermore, we have ©„ = T n + a 5 / 2 on G' n , whence for large A and a, 

on G' n : |(0„ - 6 n _i)/a 3 - V n \ ^ 2e 3 / 2 . 
This construction now permits us to do the 



(7.32) 



(7.33) 



Proof of Theorem \ 7. S\ Let d denote the Skorokhod metric on the space of cadlag functions 
D([0,oo)) (see |78j . Section 3.5). Let $ be the space of strictly increasing, continuous, maps 
of [0, 00) onto itself. Let x, x±,X2, ... be elements of -D([0, 00)). Then ((75] , Proposition 3.5.3), 
d(x n , x) — > as n — > cc if and only if for every M > there exists a sequence (<p n ) in such 
that 

sup \f n (t)-t\ — 0, (7.34) 
te[0,M] 

and 

sup \x n (<p n (t)) - x(t)\ ->■ 0. (7.35) 
te[0,M] 

If (x' n ) ne f<i is another sequence of functions in D([0, 00)), with d(x' n ,x) — > 0, then by the tri- 
angle inequality and the fact that is stable under the operations of inverse and convolution, 
we have d(x n ,x) — > if and only if there exists a sequence (<p n ) m ^ such that (7.34) holds 
and 

sup \x n ((p n (t)) - x' n (t)\ ->■ 0. (7.36) 
te[0,M] 
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For every A and a, we define the (random) map (fA,a £ $ by 

VA,a(lo(n + r)) = ((1 - r)6 n + r9 n+ i)a~ 3 , with heN, r e [0, 1]. 

Let M > and define njvf = [M70]. Then we have by the monotonicity of (xj c °'' 

sup \<PA,a{t) ~t\ ^ max |a~ 3 n - -y n\ , 
te[0,M] ne{0,...,n M } 



and 



sup \X'l - X' {t) I sc max A\a 3 9 n - 7o n| 

te[0,M] • K ' ne{0,...,n M } 



By Doob's I? inequality and the fact that 70 = -E[Vi], we get 



P ( max 

• ne{0,...,nM} 



i=l 



Furthermore, on the set G' n , we have for every n ^ njvfj 



e, 



i=Q 



0(n M e 3 / 2 ) = 0(^/2). 



In total, we get with (7.37) and (7.38), as A and a go to infinity, 

MM > : sup \<pAa(t) ~t\ v |X" - X' m | -> 0, in probability, 
ie[0,M] ' ' 

which is equivalent to 



(7.37) 



(7.38) 



(7.39) 



M=\ 



^ 2- M 1 a sup \vA, a (t) ~ t\ v \X'( - X' VA (t) 



0, in probability. 



(7.40) 



Now, suppose that A and a go to infinity along a sequence (A n , a n ) nS N and denote by X^ a , 



7.8 



and 



X A„ a and 

fA n ,a n the processes corresponding to these parameters. By Proposition 
Skorokhod's representation theorem (|35j. Theorem 6.7), there exists a probability space, on 
which the sequence (X' A ) converges almost surely as n — > go to the limiting Levy process 
L = (L()ij>o stated in the theorem. Applying again the representation theorem as well as 
the transfer theorem, we can transfer the processes X' A a ^ and (pA n ,a„ to this probability 
space in such a way that the convergence in (7.40) holds almost surely, which implies that 
the convergence in (7.39) holds almost surely as well. By the remarks at the beginning of the 
proof, it follows that on this new probability space, 

d{X' A L) sc d(X A X A ) + d(X A L) -»■ 0, 



almost surely, as n — > 00. This proves the theorem. 



□ 



Proof of Theorem 7.1 Let (tf ,a )f =l be as in the statement of the theorem. By the virtue of 
Theorem 17.21 it suffices to show that 



PfVi :X L A , a 3 



Looj 



1. 



(7.41) 
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Suppose for simplicity that tf ,a = for all i; the proof works exactly the same in the general 
case. Let n := \2(tk + 2)/7o], such that n = 0(e^ 1 ), by (6.14). By Chebychev's inequality, 
we then have 



P(2 Vi ^ t k + 2) ^ P(£(Vi - 7o ) < -^7o) = 0(n Var(y 4 )) = 0(e). 



2 = 1 



1=1 



(7.42) 



Furthermore, define the intervals Ij = U + [— 2ne 3//2 — e A /a, 2ne 3//2 ], i = 1, . . . , fc and denote by 

& the point process on the real line with points at the positions V\ , V\ + V2, V\ + V2 + V3, 

Then ^ is a Poisson process with intensity Jq 1 = 0(e^ 1 ) and thus, 



(7.43) 



i=l 

We now have 

P(Vz : X™ = J Ua .) > : Ua 3 e [Qj - T^ x , @jf 

n k 

> p(G' n , Y i V i >t k + 2, &n{Jl t = 0) by definition of G' n 



by definition 



i=l 

^P(G )-O(e e ) 



i=l 



by (7.32), (7.42), (7.43). 



Letting A and a go to infinity and using the hypothesis (HB) yields (7.41) and thus proves 
the theorem. □ 



8 The B b -BBM 

In this section, we define and study the B^-BBM, which is obtained from the B-BBM by 



killing some of its particles. It will be used in Section 10 to bound the iV-BBM from below. 



8.1 Definition of the model 

We will use throughout the notation from Section [7] Furthermore, we fix 5 £ (0, 1/2) and 
K > 1 such that E K 5/W, where E K was defined in J2?7j ). Define N = \2ne A+s a- 3 e> ia ], 
where fi = yT — 7r 2 /a 2 . We will then use interchangeably the phrases "as A and a go to infin- 



ity" and "as N go to infinity". Furthermore, in the definition of these phrases (see Section 6.1 



Aq and the function ao(A) may now also depend on 5. The symbols C$ and C$^ a have the 



same meaning as C (see Section 5.1 ), except that they may depend on 5 or 5 and a as well, 
a being defined later. 

The B^-BBM is then defined as follows: Given a possibly random initial configuration i/q 
of particles in (0,a), we let particles evolve according to B-BBM with barrier function given 



by (7.1), where, in addition, we colour the particles white and red as follows: Initially, all 



particles are coloured white. As soon as a white particle has iV or more white particles to 
its right, it is coloured redQ Children inherit the colour of their parent. At each time n , 
n ^ 1, all the red particles are killed immediately and the process goes on with the remaining 
particles. See Figure [2~4] for a graphical description. 



7. This can be ambiguous if there are more than one of the particles at the same position, for example 
when the left-most particle branches. In order to eliminate this ambiguity, induce for every t^Oa total order 
on the particles in by u < v iff X u (t) < X v (t) or X u (t) = X v (t) and u precedes v in the lexicographical 

order on U. Whenever there are more than iV white particles, we then colour the particles in this order, which 
is well defined. 
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Figure 2.4: The B -BBM with parameter N = 6 (no breakout is shown). White and red 
particles are drawn with solid and dotted lines, respectively. The blobs indicate when a white 
particle is colored red, the circles show the six white particles living at that time. 



For an interval / c R + , we define the stopping line if^ by (u, t) e if^ 1 } if and only if 
the particle u gets coloured red at the time t and has been white up to the time t, with tel. 
We then set Zg d and Ygj by summing respectively u>z and wy over the particles of this 
stopping line. Furthermore, we define ^ red and t /^ whltc to be the subsets of jY% formed by 
the red and white particles, respectively, and define Z[ ed , Y/ cd , ZJ hltc and Y t whlte accordingly. 

Let v\ be the configuration of white particles at the time t and abuse notation by setting 
v\ = fg) n - We set G < "_ 1 = and for each n e N, we define the event G\ to be the intersection 
of G^ n -i with the following events (we omit the braces). 

- supp v\ a (0, a), 

- ^ hite <= U x {6„} and 6 n > T+ (for n > 0), 

- \e- A Z^ ltc - 1| < e 3 / 2 and Y^ itc sc V . 

~ p { Z d [e n ,e n +KaZ] + Y d [e n ,e n +Kai] ^ a ~ 1/2 | ^e„) >l-e 2 . 

The last event is of course uniquely defined up to a set of probability zero. Note that G\ e 
for each n e N. Furthermore, we define the predicates 

(HB^) (The law of) Vq is such that P(Gq) — > 1 as A and a go to infinity. 

(HBq) uq is deterministic and such that Gq holds. 

proportional to sin(7rx/a)e ^ x lrQ :<1 \(x). 
We now state the important results on the B^-BBM. 

Lemma 8.1. (H^ L ) implies (H$ ) for large A and a. 



(HBjJ uq is obtained from [e S N\ particles distributed independently according to the density 
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Proposition 8.2. Proposi tion 7.3 still holds for the B^-BBM, with G n replaced by G\. The 
same is true for Theorems 7.1 and 7.2 with (HB) replaced by (H$). 



Recall the definition of qu^ and x a from the introduction and of (Ht) from Section [7] 

Proposition 8.3. Suppose (HB^_). Let (t^ ,a ) satisfy (Ht) and let a e (0, e~ 25 ). As A and a 
go to infinity, 



P(Vj : qu^(^ 3t A, a ) 5= x ae 2s) — 1. 



8.2 Preparatory lemmas 

In this section, we will establish some fine estimates for the number of particles of the 
process, which will be used later to bound the number of creations of red particles. If a 
particle u e j9q{£) satisfies 77 (u) < t < o~i + i{u) for some I ^ 1, we call it an "in between" 
particle (because it is in some kind of intermediary stage) and otherwise a "regular" particle. 
We then define 

The main lemma in this section is the following: 

Lemma 8.4. Suppose (HBq). Let Ka 2 < t < fe.2i| . Then, for < r < 9a/10 and every a > 
there exists C$ a , such that for large A and a, 



t 



+ rj\e v s 



(|-a)r 



P(N t (r) > e - {sl2+rlz) N I r > t) < C 5 , a A 2 e( 

Furthermore, conditioned on J^a, f or t ^ ®l + e A a 2 , for large A and a, 

Pnbab(iVt(r) > e-^ 2+r ^N\^ A )l GA Cs, a A 2 e 2 e-(l- a >\ 

The following lemma about BBM conditioned not to break out will be used many times 
in the proof: 

Lemma 8.5. Let f be a barrier function, < t < to ^ 46.211 an d suppose that Err(/, t) < C. 
For x e (0, a), define Py = P?(- \ T > to). Then, for all r sC (9/10)a and for large A and a, 

t 



E^[ivf +) (r)] sc CAe- A N(l + /ir)e^ r (l + (i)r 2 /a))(^(i)lwy(^) (8.1) 



E x f [(N t (r)) 2 ] sc C(l + r A )e- 2r A 2 ee- A N 2 ( ^w z {x) + w Y {x) 



•2) 



Proof. By Lemma [5. 9| the upper bound of Lemma 6.8 is still valid with varying drift (see also 
Remark 6.1). This gives, 



^4%]] < CA[- 3 w z (x) + w Y (x) ) , and V][Y^> t] ] < ^[Z^] 



(1+) 



,(1+) 



(8-3) 



where the second inequality follows from Lemma 5.10 Equation (8.1) then follows from 
Lemma 5.4 and (8.3), noting that a — y — f((,/a 2 ) > r + a/20 for large a, by the hypotheses 
on r and /. 



For the second equation, suppose for simplicity that / = 0. By Lemma 6.10 we have for 
all x e (0, a), 

E x [{N t {r)) 2 ] < E x [N t {r)] + (3 m 2 f f p£(°+) (x, z)E^ [N t {r)] 2 dz ds 

Jo Jo 

+ E X \ J] Ti E^i( Sl )' sl )[iV t (r)]E( x "2( S2 )' S2 )[iV t (r)]j. (8.4) 
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Now, for large A we have by (5.54) and Lemma 5.1 

"t ra 



IP 

Jo Jo 



^C%\ J] f r Ps - So (X v ( So ),z)B^[N t (r)] 2 dzds 



(8.5) 



With Lemmas 5.4 and 6.8 and (8.1), we have as in the proof of Lemma 5.5 for any so < t, 

I [ps-^ x ' z ^ {z ' s) [Nt(r)] 2 dzd S sc CA 2 e- 2A N 2 {l + r A )e- 2 ^[^w z {x)+w Y {x)). (8.6) 

Equations (8.5) and (8.6) together with Lemma 6.8 now give 

J' J a p{' (0+) (x,z)E( 2 ' s )[iV t (r)] 2 dzds sc CA 2 e- 2A N 2 (l + r 4 )e- 2lir ^w z (x) + Aw Y {x)). 

(8.7) 

Moreover, we have 

E x \ J] J] E x nM[N t (r)]E x ^[N t (r)] 

(u,s)e@ t (vi,si),(v2 ,s 2 )e.y( u - 3 ) ,si<s 2 

<E*[ £ ( 2 E x "( s «)[iV t ( r )]) 2 " 
^C{l + r 4 )e- 2fir A 2 e- 2A N 2 E x [ £ (Z^) 2 " 



' (u,s)e^ t 



C(l + r 4 )e- 2 ^ee- A ^ 2 ^ 2 (^-u; z (a;) + 



by ( 617] and Lemma |5.8| Equation (|8_2] now follows from (|6_2], (|8_lj), (|81|), (JS^TJ) and 

Corollary 8.6. With the hypotheses from Lemma \8. 5\ we have for large A and a, 

E x f [N t (r)] sc CAe- A N(l + r ^) e -^ e -{a-x)/2 _ 



Proof. This follows immediately from Lemmas |5 . 1 1 15 . 4| and 8.5 and Corollary 6.7 



□ 



Lemma 8.7. Suppose (HBq). Let a > 0. For large A and a, we have for every ^ r ^ 9a/10 
and t ^ 9i + e A a 2 , 

Pnbab(iVi(r) > e~ A / 6 ~ r / 3 N | ^a)1g a < C a A 2 ee- 2A l z e~^ r . (8.9) 

Proof. Conditioned on define P = P(- | T > Q\ + e A a 2 ). Then, 

/ 

Var nbab (]V t (r) | ^ a )1 Ga C<£ £ \ a ^ <n) {K - l)E { *f M [N t (r) 2 ], (8.10) 



and Lemma 8.5 now implies 

Var nbab (iV t (r) | ^a)1 Ga ^ C(l + r*)e~ 2r A 2 Ee- A N 2 ^ ■ 

Furthermore, by Corollary |8.6[ 

E nbab [iV t (r) | ^a]1 Ga CAe- A N(l + r 2 ) e -^<%. 

Equation (8.9) now follows from ( 8. and (8.12) together with the conditional Chebychev 
inequality and the fact that e A//3 on G<% cz Ga- D 



(8.11) 
(8.12) 
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Proof of Lemma 8.4 Assume Ka 2 ^ t ^ ^6.2U By the hypothesis on Zq, the definition of K, 



5.13) 



Proposition 5.3 and Corollary |6.7[ we have for large A and a, 

ELY t (0) (r) |T > t] < (1 - 75/8) (1 + fi^e'^N, 
Moreover, we have by Lemma |8.5[ 

B[N, (1+ \r) IT > t] ^ C(l + ^r)e-^ r A^(l + r]r)Ae- A {^ 
sc C^A{l + r 2 ) e -^ r N, 



Yq 



114) 



by the hypotheses on Zq and Yq. Equations (8.13) and (8.14) now give for large A and a, for 
all r e [0, a], 

E[N t (r) I T > t] < (e^ 2 - 5/8) e - r/3 AT, (8.15) 



116) 



Furthermore, by Lemma |8.5| and the hypotheses on Zq and Yq, we have 
Var(AT t (r) \T > t) ^ CA 2 e{l + r 4 )e^ 2r (t/a 3 + 77), 



Chebychev's inequality, (8.15) and (8.16) yield the first equation of the lemma. 

Conditioned on J^a, let T ^ t ^ @i + e^a 2 . Define A^ bulk (r) to be the number of hat- and 
check-particles to the right of r at time t that have not hit a between T~ and t and likewise 

~ fu W 

N t u& (r) the number of fug-particles with the same properties. Set Mt = e~ Xt = (1 + Aj) _1 , 
where A t = 9{{t - T+)/a 2 )A. Note that we have on G A : |A - e~ A Z^^\ ^ e 1 / 8 . 

Define a r = (1 + /xr)e~ Mr . By Lemma 5.1 and Proposition 5.3 we have for large A and a, 



E[JVj 



bulk/ 



-) I ^a]1 Ga ^ a r e°^NM t (l + E K ) e - A {Z T - + Z , t -)1 Ga 



s; a r A^M t (l-35/4), 



117) 



by the definition of G and G. Furthermore, we have by Proposition 
large a, 



5.3 



and Lemma 



5.1 



for 



E[ivf g (r) I ^ a ]1 Ga a r e°^NM t (6 ((t - T)/a 2 ) + O ((y + A + r) 2 ?? /a)) e-^> T )l GA 
sc a r NM t (A t + Oie 1 '* + a^r 2 )) 1 Ga , 

(8.18) 



Equations ( 8. 17| ) and (8.18) now give, 



bulk/ 



iV t fug (r) I ^a]1g a *S arA^ (1 - 5/2 + 0( -V 2 )) 



E[N t 

Similarly, one has by Lemma |5.5[ 

Var(iV bulk (r) + A\ fug (r) | & a )1 Ga < Ce- A {l + r 4 )^ 2 ^. 



119) 



120) 



Equations ( 8.19| ) and ( |8.20 | and the conditional Chebychev inequality now yield for large A 
and a, 



P(JV» 



bulk/ 



ivf g (r) ^ e -«/S-r/3jV| ^a)1 Ga < Q(l 



This, together with Lemma 8.7 and the fact that the hat-, fug- and check-particles do not hit 
a on Gnbab finishes the proof of the lemma. □ 



We finish this section with a result which fills the gap in Lemma 8.4 under the hypothesis 
(HB^). 
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Lemma 8.8. Suppose (H$ L ). Then P(|e~ A Z - 1| < £ 3/2 , Y Q ^ 77) < o(l). Moreover, let 
a > 0. T/ien /or /arge j4 and a, we /iaue /or every t /fa 2 and < r ^ 9a/10, 

P(N t (r) > e'W^MN, R Ka 2 = 0) < C^e-d^/a, 
and P(i?^ a 2 = 0) > 1 - C 5 e A /a. 

Proof. Recall that initially, there are [e _<5 iVj particles distributed independently according 
to the density <j>(x) proportional to sin(7rx/a)e^ x l(o ia ) (£)■ An elementary calculation yields 
that 



E[Z ] = e A (l + o(l)), Var(Zo) < Ce A /a 3 , E[F ] < Ce A /a. 



3.21 



This immediately yields the first statement, by Chebychev's and Markov's inequalities. More- 
over, (8.21) with Lemmas 5.8 and 5.9 yields 



P(R Ka 2 > 1) < E[R Ka *] ^ CI -E[Z ] + E[y ] < C 



3.22) 



which gives the last statement. Note that on the event {Rxa 2 = 0}> the B^-BBM equals BBM 
with absorption at and a. Since the density <j){x) is stationary w.r.t. this process, a quick 
calculation shows that 



E[JV t (0) (r)] = E[iV (0) (r)] = [e^iVj f ° </>(x) dx sc e - s N(l + /xr)e^ r . (8.23) 

Jr 

Furthermore, by the independence of the initial particles and the law of total variance, 

Var(ivj 0) (r)) = [e~ s N\ ( Var(E x [iVf ) (r)]) + E[Var x (iV t (0) (r))]) , (8.24) 

where X is a random variable distributed according to the density <p and the outer variance 
and expectation are with respect to X. By Lemma 5.5 we have for every x e [0, a], 

Var^JvfV)) sS E x [JV t (0) (r) 2 ] < Ce- 2A iV 2 (l + r 4 )e- 2 ^ r ((t/a 3 )w z (x) + w Y (x)), 
and a simple calculation then yields for t ^ Ka 2 , 



25) 



E[Var*(iV t (0) (r))] = f° Var*(iV t (0) (r))<£(x) dx C(K/a) e - A iV(l + r 4 )e _2 ' ir . (8. 
Jo 

Moreover, by Lemma 5.4 and the hypothesis on r, we have for every x e [0, a], 

E*[JV t (0) (r)] < <?(1 + ^-^(e^l^^ + e - A N(w z (x) + w Y (x))l {x> ^ , 
which yields 

a'— r a 
20 ae"* dx + e~ 2A iV 2 (a - x + i)3 e K*-2a) ^ 

sC Ca- 3 e- A iV(l + r 4 )e- 2 ^ r . 

(8.26) 



E 



Equations (8.24), (8.25) and ( |8.26 | now yield for large a, 

Var(iV t (0) (r)) < C(K/a) e - A N (1 + r 4 )e _2 ' ir . 



.27) 



The lemma now follows from (8.23) and (8.27), together with Chebychev's inequality. □ 
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8.3 The probability of G\ 

Most of the work in this section will be devoted to bounding the number of creations of 
red particles. For this, we will discretize time: We set t n = Ka 2 + n5/A and I n = [t n , i n +l) f° r 
all n G N. Furthermore, define the J^z-measurable random variables n\ := max{n : t n < T} 
and ri2 '■= max{n : t n < Q\ + e A /a 2 }. 

For an interval / c R + and re [0, a], we now define 

Ui(r) = #{(u,t) 6 &fj£i ■ X u (t) > r}, 

the number of red particles created to the right of r during the time interval / and set 
U n {r) = Uj n (r). Furthermore, we denote by iV t whlte (r) the number of white particles with 
positions ^ r at time t, including the "in between particles". 

Lemma 8.9. Suppose (HBq). Let I = [fy,t r ] ; with d := t r — ti < 5/A. Then for every a > 0, 
for sufficiently small 5, there exists C$ :Cl , such that for large A and a, for every r e [0, 9a/10], 

~2\\, 

U 
,a 3 



if Ka 2 < < 



E[U T (r) \T>t l ]^ C Sya A 2 e(± + r^e-^^N, (8.28) 

P(3t e / : iV™ hitc (r) > N\T>t t ) < C s , a A 2 e^ + r^e'^-^, (8.29) 

E[C/ J (r)l ( ^ [ti _ Citr]=0) I T > t,] < C 5 , Q aM 2 e(^ + ^ e -(f-«>JV. (8.30) 

Likewise, conditioned on J^A; we /iat>e /or T ^ t; < 0i + e^a 2 , 

E nbab [C//(r) I ^a]1g a < C 5iQ A 2 e 2 e-(f- Q ) r iV, (8.31) 

P nbab (3t e / : iV t whitc (r) 5* TV | ^a)1 Ga *S C^Ve"^^. (8.32) 
Finally, suppose (HL^). Then 

E[U [0iKa2] (r)l {RKa2=0) ] C s , a ae-d- a >N. (8.33) 

Proof. Define the stopping time r = inf{t e / : iV t whltc (r) 5= iV}, with inf = +00. Define 
further the law P = P(- 1 T > t t ) and the event E = {N t[ (r') < e~ 6 / 2 - r '/ 3 N}, where r' 
r — yV v 0. Then e~ Ar 7/3 < C Q e _r ^ 4/ ' 3_a - > for every a > 0, such that by Lemma 



8.4 



we have 



ft, \ ,i , (8-34) 
< P(r < 00 I E) + C s , a A 2 e(^ + n)e-^- a >. 



P(r < 00) < P(r < 00, £?) + P{E C ) 

1 \ — 

For tel. we can bound 7V t white (r) by the sum of 

1. -/vj 1 -': the number of descendants at time t of {the particles in JV^ which are to the right 
of r'}, 

2. N^: the number of descendants of {the particles in .jV^ which are to the left of r'} and 
which reach the point r before the time t r and 

3. iV t : the number of "in between" particles at time t. 

Conditioned on and the event E, is stochastically bounded by the number of in- 

dividuals at time t — ti in a Galton-Watson process with reproduction law q and branch- 
ing rate /3q, starting from [e~ <5//2 ~ r ^ 3 N\ individuals. Let (GWt)t^o be such a process, then 

is a martingale and by Doob's L 2 -inequality, we get 

E[ sup (e-*/ 2 GW t - GW ) 2 ] < 4Var(e- d / 2 GW (i ) sc CdN e - r '^. (8.35) 

te[0,d] 
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By (8.35), Chebychev's inequality and the hypothesis on d, we get, 



P(supiV 4 

tel 



[1] 



Ne- s/i ) sc P( sup GW( ^ iVe^ 4 ) 

te[0,d] 

s; P{ sup e-'^GWi - GW > Ne- 35 / 8 {l - e^/ 8 )) 

te[0,d] 



.36) 



C s de~ r ' /3 /N. 



Now, if r < 1, we have iVP] = 0, so suppose that r > 1. Let the random variable T r denote 
the number of particles in BBM which reach r before the time d. Since there are at most N 



white particles to the left of r' at time tj, we have by Lemma 3.1 



E[iV [2] | & tl ] < W sup E x [T r ] sc CAW( sup B t 5* 00 < CNdr^e-^ 2 ^ , (8.37) 

xe[0,r'] ie[0,d] 

where (B^) follows standard Brownian motion under W. For each (u,t) e let iVi be the 
contribution of the descendants of u to N^ 2 \ By Lemma 



3.5 



(u,t)eJi, 



xe[0,r'] 
d 



sup E x [r r ] + C7f f p t (x,z)E^[r r ] 2 dzdt). 

^xe[0,r'] JO JO ' 



(8.38) 



Trivially, E x [r r ] s; e d l 2 and $p t (x,z)dz «S e d / 2 for anyieR,U d. Together with ( |837| 
and (8.38), this yields, 

Var[JVM | ^tj sS CAT sup E x [r r ] s; CiVcT 1 / 2 ^/^). 
xe[0,r'] 

Chebychev's inequality and the inequality i _1 / 2 e _1 /( 4 *) < Ct now yields 

P(N® > JV(1 - e^ 8 ) | ) < C 5 de- r/{M) /N. 



As for jVP], we have E[R 2 ] = Var(R t2 ) + B[R tl ] 2 s$ Ce 2A by Lemma 



mas 



6.12 



.39) 



5.40) 



as well as Lem- 



5.8[ |6.8| and Corollary |6.7| such that by the definition of a breakout event, 

2 



E[sup(Af ] ) 2 ]^Ce 2A C 2 
tel 



Markov's inequality then gives 

P(supiV, 

tel 



[3] 



( e -V4 _ e -*/8)jv) < C 5 e 2A C 2 /N 2 . 



1AI) 



Equations p^4| , ( |8j6J , flOO] ) and ( |&4T| ) now yield ( |&29| ). As for p^8| ) and pjQ| ), we 
first note that the expected number of individuals created until time t in a Galton-Watson 
process with reproduction law ((/(&:) )feO i s bounded by the number of individuals at time t 
of a Galton-Watson process with reproduction law (1 — q(0)) q(k)k^i, whose expectation is 
bounded by Ct. This gives, 



Ep7 (T>tp] |r<oo] ^C(dN + (e A ). 



.42) 



because there are at most N white particles at the time t[ and the total number of in-between 
particles is bounded by £E[i^ ; ] ^ C(e A by Lemmas 



5.8 



and 



6.8 



and Corollary 



6.7 



As for 



the overshoot, i.e. the particles that have been coloured red at the time r, we first note that 
E[£/ {t} 1 (t<00) ] < B[U [T} l {T<(X)tU{T ^ N) ] + NP(t < co). (8.43) 
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Now, 



U{ t }1( t<(X) ,u {t] ^n) «S max{k u : u e U, d u e I, k u > N, X u (d u -) ^ 



(8.44) 

By the definition of a breakout event, the set on the right-hand side of ( |8.44 ) contains no 
"in between" particles for N > Q. Furthermore, the expected number of branching events of 
"regular" particles to the right of r is bounded by 



C 



C r E[N t (r)] 
Jt, 



dt sc CdN(l + r 2 )e 



3.45) 



where the inequality follows from (8.13). This yields, 

E[U {T} l {T<XtU{T)>N) ] s; CdN(l + r 2 )e- r E[Ll (L>N) ] sc Cd(l + r 2 )e~ r , (8.46) 

where the last inequality follows from the Cauchy-Schwarz and Chebychev inqualities. By 
( [8729] ), ( [8742] ), ( [8743] ) and ( [8746] ) we finally get for large A and a, 

B[Uj(r)] = E[([/ {r} (r) + C/( T)tr] (r))l (r<oo) ] ^ C s , a NA 2 e 



ti 



+ 7] \e v 3 



-(f-a)r 



3.47) 



For the proof of ( 8.30[ ), we note that on the set i?^ ; _^ tr ] = there are no in-between particles 
during /. Taking away the corresponding terms in the above proof yields (8.30). 

The proof of the other three equations is very similar. The proof of (8.31 ) and (8.32) uses 
the second half of Lemma 8.4 instead of the first and (8.12) in addition to (8.13) for the proof 
of (8.45). The proof of the last equation draws on Lemma 8.8 instead of Lemma 8.4 and 
requires covering the interval [0, Ka 2 ] by pieces of length d. □ 

Corollary 8.10. Suppose (HBq). For an interval I a R +; let G a /2j be the event that no 
particle is coloured red during the time interval I and to the right of a/2. Then, 



P{Gw\G a/2) [Ka2,T]) < C s o(l) and P nbab ( (G a/2i[Ti e 1+eJ 4 a2] ) c | ^ A ) lc? A < C s o(l). 



Proof. Follows immediately from (8.29) and (8.32) by summing over the intervals I n (note 
that T ^ ^Jea 3 on G^). □ 

Lemma 8.11. Suppose (HB$). Set T' = T a y^a 3 and define the intervals I = [Ka 2 ,T'] 
and J = [T, Gq + e A a 2 ] For large A and a, 

E[(Z^j + Y^)l Ga/2 I ] ^ C 5 A 2 e 3 e A 



Enbab[(^j + ^)l Go/v I ^a]1g a < Cse^/a. 
Now suppose (HEr±). Then 

E i( Z 0%,Ka2] + y 0,fo,ii-a2]) 1 (i? A - a 2=O)] < C S e A /a 2 . 



Proof. By Lemma 8.9 we have for every r 6 [0, a/2] and n ^ uq := [(^/ea — Ka < )/(t\ — io)J> 



n 

E[C//(r)] ^ 2 E l U n(r) I T > t n ]P(T > t T: 



n=0 



no 



^C 5 A 2 ee-° r NY i (- 3 +vmT>t n ) 



n=0 



148) 



sc C s A 2 ee-l r e A -E 



T a ,feo? 



2-i 



^ C s A z e d e 
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by Lemma 6.5 and (6.3). Now, by integration by parts, we have for every (possibly random) 
interval /, 



Z d i = f w 'z ( r ) Ui ( r ) dr and Y 0J = U i (°) + r w 'y W Ui (r ) dr. 
Jo Jo 



(8.49) 



The first equation in the statement of the lemma now follows from (8.48) and (8.49), since 



w' z (x) < C(l + x)e x a and w' Y (x) =5 Ce x a for x e [0,a]. The remaining equations follow 
similarly. □ 



The following lemma will only be needed in the proof of Proposition 8.3 



Lemma 8.12. Suppose (HE'q). Let r e [0, 9a/10] and (K + l)a 2 < t ^ fcm - Then, for every 
a > 0, for large A and a, 

P[iV t rcd ' (0) (r) > aN, T > t] < C s (cT\\ + /xr)e~" T 'A 2 e^ + 77) + e 2 ). 

Proof. For an interval J, denote by _/V t red '^ (r, I) the number of red particles to the right of r 
at time t which have turned red during I. Define the event 

G = G a/2,[o,t] n {R[ t ~cP-c,t] = 0} n {Z0 d [OJ<a2] + Y^f Ka2 ] sc a 



-1/21 



and note that P(G C , T > t) < Ce 2 for large A and a, by Corollary 8.10 Lemma 6.9 and the 
hypothesis. 

Write E = E[- 1 T > t]. If E^) [7V t (0) (r)] sS /(z, s) for some function / with /(0,s) = 
/(a, s) = 0, then by integration by parts, 



E[iV t red ' (0) (r,J)l G ]<U o a2 E[C/ ( 



d8^)l (fl[t _ Ci 



Define h = [0,t- a 2 ] and J 2 = [i - a 2 ,t]. By ( |5.24[ ), ( |5.25[ ) and Corollary [67) we have for 
x e [0,a/2], 



[JV t (0) (r)] «S 



'C(l + fir)e-^ r Ne- A wz{x), if 5 e J a , 

if s e J 2 , 



Ce^ x ^e ^ z pf_ s {x,z), 



Similarly to the proof of Lemma 8.11 we now have by the inequality w' z {x) ^ C(l + x)e x a , 
for large A and a, 



E[7Vf d '(°)(r,7 1 )l G ]<Ce- A iV(l + / ir)e-^ f ' %[U h (x)l G ](l 

Jo 

sc C s A 2 e((t/a 3 ) + v)(t/a 3 )(l + n^e'^N, 



x e 



by Lemma 8.9 and the definition of G. As for the particles created during I2, we have by 



Lemma 8.9 the definition of G and the hypothesis on t, for all s e I2, 

E[U ds (x)l G ] sc C s A 2 e(\ + rj)Ne-i x ds. 



Now, with (2.6), one easily sees that for large a, (d/dx)(e fJ-x Pg(x, z)) ^ for all x ^ a/2 and 
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s ^ a 2 , whence, by (2.9) and Fubini's theorem, we get 

-a? ra/2 



[iV; ed ' (0) (r,/ 2 )l G ] C\ E[U ds (x)l G ] 

Jo Jo Jr 

^Cj E[[/ ds (x)l G ]J < 

/-co pa/2 
Jr JC 



dx 



e^ x p a s {x, z)) dzdxds 



r — (e M:r a (x a z)(a - x v z)) dzdx 



e -Kx/*+z)( 1 + x ) dxdz 



sc C s A 2 e{(t/a 3 ) + rfie-^N. 



In total, we have 



E[Af d ' (0) (r)l G ] C 5 A 2 s^ + »?)(! + H< 



An application of Markov's inequality finishes the proof. 



□ 



Lemma 8.13. Suppose (HP^). Let Gf re d be the event that the fugitive does not get coloured 
red. Then, for large A and a, 

P(Gty n G a / 2t [Ka 2 ,T]\G{rcd) < C^E 2 . 

Proof. Set G a /2 = G a j2\Ka?,T\- Let Po be the law of BBM with absorption at zero from 
Section [6] (i.e. we do not move the barrier when a breakout occurs). Let T rec j be the first 
breakout of a red particle. Then 



P(G* n G a/2 \G frcd ) = Po(T = T red , 5% n G a/2 ) sc P (T rcd sc y^a 3 , G a/2 ). 

Define T" = T a y^a 3 . Then, since =^0^/ is a stopping line, we have by Proposition 
Corollary gig 



150) 



6.2 



and 



Po(T rcd ^ Vea 3 I J^ red; )l Ga/2 ^ C7e- 1 / 2 e -> 1 (Zgf 2 v + 5^v) 



3.51) 



Recall that P(Z^ d |- Ka ^ + Yg'f o^Ka 2 ] ^ a 1//2 ) ^ 1 — e 2 by hypothesis. By the tower property 
of conditional expectation and (8.51), this gives 

Po(T rcd sc V^a 3 , G a/2 ) sc E[P (T red sc ^~ea 3 | ^red ; )l Ga/2 ] + e 2 + o(l) 



CB[Ce 1/2 e A (Z T ^ [Ka 2 jTI] +Y^ Ka2jTI] )l Ga/2 ] + C£ 2 . 



The lemma now follows from (8.50) together with Lemma 8.11 (6.1) and the hypothesis. □ 

Lemma 8.14. Suppose (HBq). There exists a numerical constant e > 0, such that for large 
A and a, 

P(G\) ^ l-e 1+e . 

Proof. Recall the event G\ from Section [7] and change its definition slightly by requiring that 
\e- A Z &1 - 1| sS e 3 / 2 /2, call the new event G'^. Define the random variable 



X = P(Z 



red 



n.|'Hj.<->i-i-/w ( -"| r ^feuOx+Ka 2 ] ^ a ^ I 



,-V2 I 



By Proposition 7.3 and Remark 7.7 it suffices to show that 

P (G[\ {zgf sc e 3/2 /2, X>1- e 2 }) < e 



l + c 
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for some numerical constant e. 



Let T", I and J as in Lemma 8.11 We then have by Markov's inequality, Lemma 8.11 

E nb ab[l-*|^A]lG A ^Oso(l). 



and Corollary 8.10 



Markov's inequality applied to (8.52) then yields 

P(X > 1 - e 2 , G A nG 



nbab. 



^ C s o(l). 



52) 



(8.53) 



Now define G rcd = {T sc ^/ea 3 , Z™ d [QKa2] + Ygf 0Ka2] sc a' 1 / 2 } n G a/2 j n G frcd . Conditioned 
on T and #\^rcd , on the set G re d, the particles from the stopping line then all spawn 

BBM conditioned not to break out before T (because the neither the fugitive nor any in- 
between particles are on the stopping line). By Lemma 8.11, Lemma 6.9 and the tower 
property of conditional expectation, we then have 



E[Z^ d l Grcd ] ^ C(Aa-y 2 + E[(Zg d + AY^)l Ga/2I ]) ^ C s (Aefe A 
E[Y^ d l Grcd ] ^ c(Aa-W + E[(Zg d + Y^)l Ga/2I ]) ^ C s A 2 e 3 e A . 



By Lemma 6.9 we now have 



E 



nbab 



[Zg? I ^ A v ^ t ]1g a ^ c s ( zT + z. 



^rcd 



7i'cd 



A(Yr 



red 



Yr 



red 



,JJh 



and Lemma 8.11 and the tower property of conditional expectation give 

E[^ d l GAnGnbabnGrcd ] ^ C s (Aefe A . 



Furthermore, by the hypothesis, Corollary 8.10|and Lemmas |7.4 7.5 and 8.13, we have 



P(G A n G n bab n G red ) > 1 



JL+e 



.54) 



.55) 



The lemma now follows from ( |8.53 ), (8.55 ) and Markov's inequality applied to (8.54 ), together 
with (pUl). □ 



8.4 Proofs of the main results 



Proof of Lemma 8.1 . By Lemma 8.8 it remains to estimate the probability of the last event in 



the definition of G . Define the random variable X 



■p I ^red 
r[Zj 0,[O,Ka 2 ] 



T^red 

I 0,[O,Ka 2 ] 



By Lemma |8.8| and Markov's inequality applied to the last equation of Lemma 8.11 we have 
E[(l — X)1(r k 2 =o)] ^ Cse A /a. By Markov's inequality, we then have 



(X ^ 1 - e 2 , R Ka2 = 0) < e- 2 E[(l - X)l {Ri<a2=0) ] C s o(l). 



Together with (8.22), this finishes the proof. 



□ 



Proof of Proposition 8.2. Let n > 0. Conditioned on J^e n , the barrier process until © n +i is 
by definition the same in B b -BBM and B-BBM. Furthermore, G n <= G° n and G„ e #e„- The 



first statement then follows by induction from Lemma 8.14 as in the beginning of the proof 



of Proposition 7.3 



As for the second statement, inspection of the proofs of Theorems 7.1 and 7.2 shows that 



they only rely on Proposition 7.3 and on the existence of the coupling with a Poisson process 



constructed in Section 7.3 But this construction only relied on the law of T n+ i conditioned 
on J^e n and G n and thus readily transfers to the B^-BBM. □ 
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Proof of Proposition 8.3. Define p 
from Section 



7.3 



X ae 2S 



, such that (1 + np)e~^ p > ae 2d (l + o(l)). Recall 
the coupling of the process (0 n /& 3 )n>o with a Poisson process (V n ) n ^o of 
intensity j^ 1 = pBe A ir. As indicated above, this coupling can be constructed for the B^-BBM 
as well. In particular, setting G^ n = (j n n {Vj < n : \(Tj — 0j_i)/a 3 — Vj\ ^ £ 3//2 }, we have as 
in (7.32), for every n > 0, 

P(& n ) > P(G> 



nO(e z ) > P(G 9 ) -nO(e i+e ), 



156) 



by Proposition 



8.2 



(where e > is a numerical constant). Now let (t i ,a ) satisfy (Ht). For 
simplicity, suppose that tf ,a = ti for all i, the proof of the general case is exactly the same. 
We want to show that P(V1 < i < k : N^°(p) 5s aN) -> 1 as A and a go to infinity. By 
(7.43), the probability that there exists such that ti and ti + i are in the same interval 

0j+i] is bounded by 0{\/e) for large A and a. We can therefore suppose that k = 1, the 
general case is a straightforward extension. 

It thus remains to show that for every t > 0, P(iVZ| ite (p) ^ aN) — > 1 as A and a go to 
infinity (the case t = is a straightforward calculation). Let t > and n := [7^ x (i + 1)]. 
Then E[V n ] > t + 1 and Var(K) «S 2 7o (t + 1), such that P(K < i + 1/2) s$ C70 = 0(e) (for 
this proof, we allow the constants C and the expression O(-) depend on t). Defining the event 

E n {s) = {9 n > s}n{$je{Q,...,n}:se [T 3 ^,Q 3 + e A a 2 ]} n G° n , 



(define T_i = 0) we then have by ( fM3| ) and ( gjg} , P(£„) > 1 - 0(e 

We now prove by induction that there exists a numerical constant e > 0, such that for 
every 1 ^ j ^ n, 

Sj = sup sup P u (NJ ute (p) < aN, Ej(s)) sc C s , a je 1+e , 

ueG b se[0,ta 3 ] 

as A and a go to infinity (we accept the abuse of notation v e G ). By definition, So = 0. 
Now, suppose the statement is true for some j > 0. We then have for every v e G\ and 
s e [0, to 3 ], 



p, (Ar white (p) < aiV) £. +1 ( s )) <; p-(Arwmtc (p) < ^ s . + i(s)) g > @i) 

+ P"(N? me (p) < aN, E j+1 (s), s sc 6i) =: Pi + P 2 . 

We first have, by the definition of Ej + i(s) and the fact that the process starts afresh at the 
stopping time @i, 

P 1 ^ W[P{NJ^{p) < aN, E 3+l {s) I ^ejlc^e^}] 

^ E"[ sup P*W-er(p) < »N, Ej(s - 80)1(9^,)] ^ S r 

Second, we have again by the definition of E 3+ \{s), 

P 2 ^ P*(iV s white (p) < aN , T > s)l {s ^ e A a2) . (8.57) 

and 



white / 



Write P v = P V (-\T > s). For e A a 2 < s < fen we now have by Proposition |5.3 
Corollary 6.7 for the first inequality and Lemma 5.5 and Corollary 6.7 for the second, 

&[NP(p)] > (1 - 0(e 3/2 ))e 2<5 ae- 5 iV > (1 - 0(e 3/2 ))(l + 5)a, 
V^ U (N^(p))^C a a 2 e- 2A N 2 , 
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such that 

p^white,(0)( p ) < aA T, T> S) 

s; P"(N(°Xp) < (1 + S/2)aN) + P u (Nl cd >(°\p) > (S/2)aN, T > s) 
^ C s , a [e- 2A + A 2 e(s/a 3 + r?)) . 



by Chebychev's inequality applied to the first term and Lemma 8.12 to the second. Altogether, 
this gives, 

P2 ^ C S JP(T > ^ea 3 ) + e- 2A + A 2 e 3/2 ) sS C s , a A 2 e 3/2 , 



for large A and a. Finally, we get Sj+\ < Sj + Cs M A 2 e 3 ^ 2 for all < j < n, which yields 
Sj ^ C^Qjje 5 / 4 for large A and a, by (|6.1|). This gives 



(p) < aiV) < S n + P(K < f + 1/2) + (1 - P(E n (s))) - 0, 
as j4 and a go to infinity. The statement follows. □ 

9 The B'-BBM 



In this section, we define and study the B"-BBM, a model which will be used in Section 10 
to bound the 7V-BBM from above. 

9.1 Definition of the model 

As in the previous section, we will use throughout the notation from Section[7]and further- 
more fix 5 £ (0, 1/2) and define K to be the smallest number, such that K < 1 and Ek ^ 5/10. 
We now define however iV = [2Tre A ^ s a^ 3 e^ a \. Again, we will use interchangeably the phrases 
"as A and a go to infinity" and "as iV go to infinity" and Aq and the function ao(A) in the 
definition of these phrases may now also depend on S. The symbols Cg and Cg a have the 
same meaning as in the last section. 

The B"-BBM is then defined as follows: Given a possibly random initial configuration 
vq of particles in (0, a), we let particles evolve according to B-BBM with barrier function 
given by (7.1) and with the following changes: Define t n = n(K + 3)a 2 and I n = [t n ,t n+ \) 
(note that these definitions differ from those of Section [8]). Colour all initial particles white. 
When a white particle hits during the time interval /„ and has at least particles to its 
right, it is killed immediately. If less than iV particles are to its right, it is coloured blue and 
survives until the time t n +2 a 0i, where all of its descendants to the left of are killed and 
the remaining survive and are coloured white again. At the time 0j, the process starts afresh. 
See Figure |2.5| for a graphical description. 

For bookkeeping, we add a shade of grey to the white particles which have hit at least 
once (and call them hence the grey particles). We then add the superscripts "nw", "gr", "blue" 
or "tot" to the quantities referring respectively to the non-white, grey, blue or all the particles. 
Quantities without this superscript refer to the white particles. 

In particular, we define Bj and Bj ot to be the number of white, respectively, white and 
grey particles touching the left barrier during the time interval / with less than iV particles 
to their right (i.e. those which are coloured blue). We set B n = B In and B^ = B) ot . 

Let v\ be the configuration of (all) the particles at the time t and abuse notation by setting 
vli = z^q . We set = f2 and for each n £ N, we define the event Gn to be the intersection 
of G ! J l _ 1 with the following events (we omit the braces). 
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Ka 2 




cA J 




J 
















-X-— 


->0<- 





< N particles! 



< N particles! 



Figure 2.5: The B"-BBM with parameter N = 3 (no breakout is shown). White, blue and 
grey particles are drawn with solid, dotted and dashed lines, respectively. A cross indicates 
that a blue particle is killed. 



suppi4 cz (0, a), 

U x {9 n } and Q n > T+ (for n > 0), 



^ tot 



7tot 



1| < e 3 / 2 and sc 77, 



N(Q n ) ^ iV and for all j Ss with e n _i + < 9 n : iV(G n _i + tj) > N, 



P [B 



[e„,e„+ti] 



s; e 



/a 



ft 



e„ 



^ 1 



The last event is of course uniquely defined up to a set of probability zero. Note that G n 6 fto n 
for each re e N. Furthermore, we define the predicates 

(HB") (The law of) Vq is such that P(Gq) —* 1 as A and a go to infinity. 

(HBq) vq is deterministic and such that Gq holds. 

(HBjJ is obtained from [e^iV] particles distributed independently according to the density 
proportional to sin(7rx/a)e _/i3: l(o ia )(x). 

We now state the important results on the B"-BBM. 
Lemma 9.1. (HB^_) implies (HE$) for large A and a. 



7.1 



Proposition 9.2. Proposi tion 7.3 still holds for the B^-BBM, with G n replaced by G n . The 
same is true for Theorems 



and 



7.2, with (HB) replaced by (HE$). 



Recall the definition of qu^ and x a from the introduction and of (Ht) from Section [7] 



Proposition 9.3. Suppose (HB^). Let (t^' a ) satisfy (Ht). Let a e (0, 1). As A and a go to 

infinity, 

P(Vi:qu^« Xa^O-l. 
Lemma 9.4. Define a variant called G^-BBM of the B^-BBM by killing blue particles only 



if there are at least N particles to their right. Then Propositions \9.2\ and 9. 3 hold for the 
b-BBM as well. 
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9.2 Preparatory lemmas 



We first derive upper bounds on the probability that the number of white particles is 
less than N at a given time t. We do not impose any particular condition on the initial 
configuration.. 

Lemma 9.5. Let P = P(- 1 T > s) with s ^ l\e.2i \ and let Ka 2 ^ t ^ s. We have for small 5 
and for A and a large enough, 



P(At( 0) <N\J? )l (ZoHl _ meA) C s e- A (^ 



( - + e- A Y 



Proof. By ( 5.24[ ), Corollary 6.7 and the definition of K, we have for A and a large enough, 



E[JV t (0) | JF ] > (1 - C P bMN^> I #o] > (1 + (V^A^Zo. 



(0) 



By the conditional Chebychev inequality, we then have 



P(iV t (0) < JV|J*b)l 



(Z >(l-5/2)e A ) < C 



Var(iV t (0) | J?p) 



The lemma now follows from Lemma |5.5| and Corollary |6.7 



□ 



Corollary 9.6. Under the conditions of Lemma 9.5 suppose furthermore that t > (if + l)a 2 . 
Then, for small 5 and for A and a large enough, 



P(iV t (0) < AT Z^ Ka2 > (1 - 5/2)e A | JF ) ^ C^l + e -*Z )/a. 

Proof. First condition on ^t-Ka 2 an d a PPly Lemma |9.5| Then condition on and apply 
CllS and Corollary [6~7| □ 



AO) 



—At 



—A i 



For s > 0, define the event 



sup 



e- A ^ (0) - 1 



< <J/4 



and set Gz, n = Gz,t n - I n using the last two results, the following lemma will be crucial: 

Lemma 9.7. Suppose \e~ A Z — 1| < V 8 - Let s < fen and set P = P(- |T > s). T/ien 
P(G| S ) ^ Cse~ A for large A and a. 



Proof. Let h(x,t) = pO>*)(T > s) and note that h(x,t) $s 1 - Cp B by fl6~45| ). Define 
= Xi^gjTf ) {h(X u (t), t)) ~ 1 wz(X u (t)), which is a supermartingale under P by Lemma 



with B[Z^] = (1 + 0(p B ))Zft by Corollary 6.7 For large A and a, we then have by Doob's 
L? inequality, 



5.11 



P(G| a ) s= P( sup jzf - E[Z s ft ]| =s e A <5/16) sS Cae _ZA Var(Z; 



The lemma now follows from the previous equation, Proposition 5.2 and Corollary 6.7 □ 



The following lemma is the analogue of Lemma |9 . 5 1 for the system after the breakout. 
Lemma 9.8. Let t e [T, Gq] and let (u,t u ) e JV T - u y^ /)T \ Then, for large A and a, 

Pnbab(iVr u + N^ u < N | ^a)1g a < C s iie- A /e. 
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[i] 



Proof. As in the proof of Lemma 8.4, set Mt = e x * = (1 + At) 1 , where At = 9((t — 
T+)/a 2 )A. Recall that on G A - \k-eT A Z^^\ < e 1 / 8 . For a particle (u, t u ) e vj^' T \ 
we define N' t ~" u and N' t s '^ u to be the number of hat-, respectively, fug-particles which are 
not descendants of u and which have not hit a after the time T~ . 



Now, by Lemma |5.1| and Proposition 5.3, we have for large A and a, 

E[N^ U | ^a]1 Ga 5* Ne- A M t (Z T - - \\w z \\ x )(l - 6/8)1 Ga > NM t (l + 5/2)1 Ga . 
Moreover, by Lemma |5.10| we have for large A and a, 

E[Af ug ^ | ^ a]1ga = Ne -A MtZ {V,T) m _ T)/a 2 } + (y/a))l GA 
>NM t {A t (l + S)-8/8)l GA . 
In total, this gives for large A and a, 

E[A>r u + | ^ a ]1 Ga > N(l + 6/4)1 Ga . 

Moreover, by Lemma |5.5[ we have for large A and a, 



(9.1) 



C(iVe- A ) 2 ((Z T - + Z^> r ))(t - T-)/a 3 + (Y^ + sc CN 2 V e- A /e, (9.2) 



by the definition of Lemma 7.5 (9.1 ) and (9.2 ) and the conditional Chebychev inequality 
now yield the lemma. □ 



For a barrier function /, let denote the law of BBM with drift — fj, s defined in (5.5) 
starting from a single particle at 0. Let Rt be the number of particles hitting a before the 
time t and define Zf, It by summing wz, respectively wy over the particles at time t. 



Lemma 9.9. Let t > and f be a barrier function. Then, 

B° f [Z t ] sc ae^" 6 
Proof. By Lemma |3.2|and Girsanov's theorem, we have 



E° f [Y t ] s: e^ 1 -^ and E° f [R t ] sc e^ t ~ fia . 



E° f [Y t ] = e P° mt e ~» a W^ 



e2a ; 



-t—[ia 



which implies the first two inequalities, since Zt ^ aYt- As for the third one, by Lemma 3.1 
and again Girsanov's theorem, 



E°LR t ] = W ^ 



TV TT 



rt—fia 



Furthermore, we have Ej[i?t] < E°[i?t] as m Lemma 5.9 This finishes the proof of the 
lemma. □ 



9.3 The probability of G\ 

For an interval /, we define the random variable Lj counting the number of particles 
hitting the origin during the time interval I: 



E 



L (se/)> 



(u,s)eJf Ho 



and set L n = Lj n . 
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Lemma 9.10. Let n ^ 0, s ^ 46.211 ? I = \Piitr\ c [0, s] and x e [0, a]. Furthermore, let f be 
a barrier function with Err(/, t r ) C . Then, for large A and a, we have 



E x f [L T \T> s] sC 



(Ce^ a a _3 (i r - ti)(Aw Y {x) +w z {x)), if U > a 2 or x 5s a/2 
) Ce^ a (wY (x) + a~ 3 (t r — ti)wz(x)), for any t, x. 



Proof. Write E[-] = E[- \ T > s]. Define Lf ] = S( U)S ) £ ^ Ho l(£r (X„)>«el)- As in the proof of 
Lemma 5.1 we have for every interval /, x e [0, a] and t ^ s, 



(o) 



e O(Err(/,t))g* 



4 0) ] sc Ce' IX I a {a-xJ), 



(9.3) 



by (2.12) and Corollary 6.7 Lemma 2.1 and (9.3) now give, 



E x f [Lj] = E x f [Lf ] ] + E x f V E J. X4s) ' s) [4 0) ] 



«■(! + ) 



^ Ce"* ( - x, I) + ^E%Z^l r] ] 



(9.4) 



Lemma 2.1 now gives for large a, 

I a {a -x,I)<C (a~ 3 (t r - U) sin(vrx/a) + l( ii<a 2 and x<a / 2 )) 



and by Lemmas 5.6 5.9 and 6.8 Corollary 6.7 and (6.15), we have 



E /^0,|cL]] < CAw Y (x) fl + 5 sin(W« 



tr 



(9.5) 



(9.6) 



The lemma now follows from (9.4), (9.5) and (9.6), together with the hypothesis t r ^ s < 
ten «S Ca 3 /A 



□ 



The following lemma is crucial. It will permit to estimate the number of particles turning 
blue upon hitting the origin. 

Lemma 9.11. Suppose that vq is deterministic with Zq ^ (1 — 5/4)e A . Let s sC 46.211 an d 
L = [ti,t r ] a [Ka 2 , s]. Write P = P(- 1 T > s). Then, for large A and a, 



E 



[ S 



(teI,N^ 0) <N) 



sc C s e- A (a- 1 + e- A Y )E[Lj]. 



Proof. For an individual u e U and t ^ 0, define N^'^ u = 2(„ a ) 6i ^( ) l(u£u )> wnere u is 

the ancestor of u at the time 0. By the trivial inequality ivi ^ N^'^ u for every u and by 
the independence of the initial particles, 



E 



\teI,Nj: 0) <N) 



E 



[ 2 l (teI) P(N^ u < N) 



The lemma now follows from Lemma 9.5 since for every u e ^V(0), we have Zq — wz {X u (0) ) Ss 
Z — C^(l — 5/2)e A for large vl, by hypothesis. □ 
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t' = t - (K + l)a 2 



Figure 2.6: The key step in the proof of Lemma 9.12 Conditioned on J^/, the descendants of 
u are independent of the descendants of the other particles by the strong branching property. 
Furthermore, conditioned on the probability that at time t there are less than N particles 
not descending from u is bounded by C(a^ 1 + ). These facts imply that the expected 

proportion of white particles turning blue upon hitting a is bounded by Cse~ A /a. 



Before the breakout. For every n ^ 0, define the (sub-probability) measure P n = 
P(-, T > t n+ \). The following lemma gives an estimate on the number of white particles 
(not counting the grey ones) turning blue during the interval I n . 

Lemma 9.12. For every n ^ 1 with t n+ \ < ^6.211 ? we have for large A and a, 

iia 



B n [B n l Gz J C s - 



Proof. Let Bn^ be the number of particles turning blue during /„ and which have not hit a 
before t' = t n — (K + l)a 2 = t n -i + 2a 2 and let B { n +) = B n - B^ ■ Lemmas 9_10 and |9.11 
now yield, 

B n [B^l Gzn | < C 5 e- A [l + e- A Yj 0) )l Gztl £ E^M[L n (0, s)] 
<C 5 e^- A ( l -Y^ + e- A {Y^?)l G7tl , 



(9.7) 



Proposition |5.2| now gives 

B n [B^l Gz J ^ C 5 e^[a- 2 + e- M a- 1 E[7; i+a2 l G , ln j) < C 5 e^/a 2 . 
As for the remaining particles, by the strong branching property, 

E n [B£ + h Gzn \JZ> HaAt ,]= 2 f E^ s )[L [rjr+dr) ]P n (iV( ) <N, G z ,n\^) 

<C s (e- A /a)B$\e» a /a)Q a [Z], 



by Corollary 9.6 and Lemma 9.10 Lemma 5.8 and (6.46) then give 



E n [B£ + h Gz J ^ Cs(e^ a /a 2 )At n+1 /a 3 ^ C 5 e^ a /c 



by the hypothesis on t n+ \. The lemma now follows from (9.7) and (9.8) 



(9.8) 

□ 
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Up to now, we have only considered the white particles turning blue and will now turn to 
B^\ n^O. For n > and < k < n — 2, we define B k ^ n to be the number of particles that 
turn blue at a time t e I n , have an ancestor that turned blue at a time t' e I k , have none that 
has hit between t k +2 and t n and have never hit a between t' and t. 

Let Gb, n the event that no blue particle hits a before t n and G g ^ n the event that among 
the descendants of the particles counted by B k , k = 0, ... ,n — 2, no grey particle breaks 
out before 46.211 (i.e. that no particle that turned blue before t n ~\ has a grey descendent that 
breaks out before / |6,2il )- Then set 

GT = G z , n n G b , n n G g , n n {i?o ^ eV a /a 2 , Y ^ V }. 

Lemma 9.13. For every n ^ with t n+ \ ^ 46.211 k ^ n — 2, we have for large A and a, 

e -A 

^n[Bk,n^-Gl, ot ] ^ CsE k [B k ° l G tot] . 

n k a 

Proof. Let be the stopping line consisting of the particles that turn blue during I k , at the 



moment at which they turn blue (hence, B^ = Note that SS k a = M h u 

such that the descendants of and of jV t _ are independent, given their past, by the strong 



,(0) 



branching property. Note also that G k e 



(o) 



since by definition this cr-field contains 



all the information about the descendents of the particles in j < k. By Corollary 9.6 
then have 



we 



,aJC 



(») 



] 



^ C <5 — l G * otl (T>t fc+1 ) 2j E 



(0,8) 



S 



L (ff a (X„)>t fc+2 ,X„(tfc +2 )e(0,a),te/ n ) 



' K*)gJ? fe+2 



, (9.9) 



where here Hq +2 (X) = mf{t ^ : Xt = 0}. By Lemmas 9.9 and 9.10, each summand 

in the right-hand side of the above inequality is bounded by C^e^E^ [Yj _ s ] ^ C$. The 
lemma follows. □ 



Lemma 9.14. For all n ^ 1 with t n+ \ fcjT], we have for large A and a, 



(9.10) 



Proof. By Lemma 9.12 the statement is true for n = 1, because 5^ ot = i?i by definition. 
Now we have for every n, by Lemmas 9.12 and 9.13 and the fact that B^ ot ^ e^ A e^ a /a on 



G 



tot 



n-2 



E n[^n 0t lG^ ot ] = 2 E n[- B fe,n 1 G* l ot ] + ^[-^10*?*] 



fc=0 



—A ^ — 2 



(9.11) 



The lemma now follows easily by induction over n, since n ^ a by hypothesis. 



□ 



Lemma 9.15. Suppose (HB^). For large A and a, we have P n ((G^ ot ) c ) ^ C$e 2A l' i {n/a) +e 2 
for every n ^ 0. 
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in hits a before t n . Markov's inequality and Lemma 9.9 then imply. 



Proof. Let n ^ 1. By definition, the event G^ 1 \Gb,n implies that a descendant of a particle 

(9.12) 



P n (Wb,fl) < E n [5^_ 2 lgftot ] ( sup E j sc C 5 a 



by Lemma 9.14 Furthermore, by Proposition 6.2 and Lemmas 9.9 and 9.14 we have 



Pn((Gn°!i n G b ,„)\G g , n ) E n [ J B* ot 2 l G to t ] supp B E [felT^ t + yo] *S fte-^a" 1 , (9.13) 



by (6.14) and (6.2). By (9.12) and (9.13), we have for large A and a 



Pn(Gz,n\0 *S P„,(Gz,„\C-i) + Qe-^cT 1 P„-!(G^-i\Ci) + ^-^a" 1 . 
By induction over n and the hypothesis, this gives for every n, 

Pn(G z ,n\G t n ot ) < C s e- 2A l\nJa) + e 2 . 



Together with Lemma 9.7 the statement follows. 



□ 



Define the random variable no := [T"/iiJ and note that t no -i > T for large A. Define the 
events G nw = {Zf^ < e A / 2 , < e A l 2 /a, < V e^/a} and G% = \J n (G™ n {n = n}). 

Lemma 9.16. We have for large A and a, 



P((G^nGv)\G nw )^C s e- A / 2 . 



Proof. By definition, a &<£ H . Lemmas 



6.9 



9.9 



and 



9.14 



then give 



E^WnG*] < CsupE°[Z 4 + AY t \(Y E[E n [i?riG- | ^Jl G 

Lv^a 3 AlJ 

Qae"" 2 E n [£* ot l G tot] ^ C s . 



< 



n=0 



Similarly, we have 



(9.14) 



(Rf > 0, G%, G V ) ^ Csv, and E[Y t f W =0) l G tot nG J C 5 /a. (9.15) 

U u J nn — 1 " 



Finally, we have as in (9.14), by Lemmas 9.13 and 9.14 



E[ 



no— 2 
fc=0 



h/ea 3 /*lJ 



^C 5 (e- A /a) 2 Efc^lctot] ^ C s e- A+ » a /a 2 . (9.16) 



fc=0 



The lemma now follows from (9.14), (9.15) and (9.16), together with Markov's inequality. □ 
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After the breakout. We study now the system after the breakout. Recall that no = L^AlJ 
by definition and define m := [Gi/ti + lj. We define &\ = J^a n ^/K gr aSS _i an< ^ the even t 

Gjj^ = Ga n G nw e J^. We denote by the superscript "gr<" the quantities relative to 
particles the descending from those that were grey before or at time t no . Then let G^bab ^ e 
the intersection of G n t, a b with the event that none of these particles hits a between t no and 
©i + e A a 2 before hitting 0. Define then the (sub-probability) measure P n b a b = P(" ; ^nbab) - 

Lemma 9.17. For large A and a, P(G A ) > 1 - Ge 5 / 4 and P((Gf lbab ) c | ^)l G tt «S Ce 2 . 



Proof. On Ga, we have t no ^ l\e.2i\ f° r large A and a, in particular, no < a. By Lemmas 9.15 
and 9.16 and (6.2), we then have for large A and a, 



P(G A \G A ) sc P(G A \G^) + P((G A n G^)\G nw ) < Ce z . 

With Lemma |7.4[ this yields the first statement. For the second statement, we have by 
Lemmas 15.81 and 15.91 



□ 



P(^" n x a 21 > I < C{{e A /a)Zf + Y, gI sc Ce A/2 rj. 



Together with Lemma 7.5 this implies the lemma. 



We change the notation of B n a bit: it is defined to be the number of particles hitting 
during I ri for the first time after t nQ -\. In particular, we also count the descendants of the 
grey particles at that time. 

Lemma 9.18. For large A and a, we have for every n ^ no — 1, 



-5A/3 



Proof Define ££ := Jf T - u j5^> T ). We have for t e I n , as in Lemma 



9.11 



ELbi^ + I & A ]l Gi < G 2 Egr ] (t) ** ) [^]P(iVr« + Af u ^" < AT I ^ A )l Gi 



(«,t)e.S? 

^G^ee^)- 1 2 E x[l| 

(u,t)ejS? 



[L n ]l 



by Lemma 
and a, 



9.8 



By Lemma 9.10 (6.1 ) and the definition of G and Gf ug , this gives for large A 



E 



nbab L 



[B n + B%* | t sc C s e^ V (ee A a)- l (Z T - + AY T - + Z^^)l 



G\ 



sc Cse^e^/a. 



(9.17) 



Furthermor e, by th e ind ependence of the check- and bar particles from the others, we have 



by Lemmas 



9.8 



and 



9.10 



and by the inequality wy[x) < a 1 e ( a x ">/ 2 , valid for every x < a/2 



and a large enough, 



E 



nbab 



[B n + B n \^ A ]l 



Cse^Tiiee^a-^ZavT- + AY 0vT - + A% + Z* + AY%)l rJ C s e^r,/a, (9.18) 



by (6.1) and the definition of Gl. Similarly, we have for n > no, 

ELb^n^l]l G « <C s e» a n {ee A )- l Y%l G t < C s e» a V /a, 



(9.19) 



and B^ Q _ 1 < rje^ a /a on the event G A . The lemma now follows from (9.17), (9.18) and (9.19), 
together with (6.3) and (6.2). □ 
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For n ^ no — 1, define G„ to be the event that no descendant of a particle which has 



e A a 2 . 



been coloured blue between t no -i and t n hits a before ©i 
Lemma 9.19. We have for every n ^ uq and for large A and a, 



K^l B T^\^ A ]i Gi <C s e 



-5A/3 '_ 



Proof. The proof is similar to the proof of Lemma 9. 14 Substituting Lemma 9.5 by Lemma 9.8 
one first shows that for every no — 1 ^ k ^ n — 2, one has 



which, by a recurrence similar to (9.11), yields the lemma. 
Lemma 9.20. For large A and a, P* bab ((G£? ; ) c I ^a) 1 ^ < l / a - 



(9.20) 
□ 



Proof. Similarly to the proof of Lemma [9.15| but using Lemmas 5.8 and 5.9 instead of Propo- 
sition |6]2j we have for large A and a, 

PLb(GTi\Gr I i4)l Gi < C s El ah [B* n %l GTi | ^{]l oi e A -^/a ^ Csa' 2 , 

where the last inequality follows from Lemma 9.19 and (6.3). The lemma now follows by 
induction over n. □ 

Lemma 9.21. Suppose (HB Q ). Then P(G^) > 1 — e 4//3 for large A and a. 

Proof. By Lemma |9.5[ Corollary |9.6| and the union bound we have 

P(3n sc n : N(t n ) < N, G z , no , G*) sc C s e~ A . 

Furthermore, by Lemma |9.8| we have 

P(3n < n < m : N(t n ) < N or JV(6i) < N, G A ) «S C s r]/e s; C s e~ A , 



(9.21) 
(9.22) 



by (6.3) and (6.2). Now, by Proposition |5.2| and Lemmas 9.9 and 9.17 

E» ba J^l G , T | ^ A ]l Gi ^ C(Z?: Q + Csae^ £ <^K 0t ^ I 1 

n—riQ — 1 

^Ce A ' 2 + C s ^Ce A l\ 



(9.23) 



by Lemma 9.19 Similarly, we get 

ELb^ef lea- I Ce A l 2 /a. 



(9.24) 



Moreover, we have by Lemma |9.19| 

Setting X = p( J Bf° t i @i+ti] sC g-^e^/a | J^), we then have E[(l - X ) 1 G » bab nG« f nG«,] < 
C^e -2 ^/ 3 by Markov's inequality. Applying the Markov inequality once more to X as in the 



(9.25) 



proof of Lemma |8.1| yields 

P(X < 1 - e 2 , Gl bab n G'^ n G\) C 5 e- 2 e - 2A / 3 C 5 e 2 , 



by (6.2). The lemma now follows from (9.21), (9.22) and (9.25), Lemmas 9.17 and 9.20 and 
Markov's inequality applied to (19.231) and (|9.24|. □ 
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9.4 Proofs of the main results 



Proof of Lemma 9.1. The property about Zq and Yq follows as in the proof of Lemma 8.8 



from (8.21). Moreover, again as in the proof of Lemma 8.8 we have by (8.21), (8.23) and 
725]), for every i sC \e s N], 



P(N^ 1 < N, R tl = 0) s; C s e~ A /a and P{R tl > 0) < C 5 e A /a, 

where we denote the initial particles by 1, . . . ,\e s N]. By the independence of the particles, 
we now have, 

B[B l (Rti=0) ] < 2 P W < N > R h = 0)E^(°)[ J L o l (iitl= o)] 
»=i 

^ C s (e- A /a)e» a B[Y ] < C s e» a /a 2 , 

by ( pT21~] ). Setting X = p(b ^ e^e^/a #o), we then have E[l - JfJ < C 5 e A /a 
by Markov's inequality. Applying Markov's inequality once more to X as in the proof of 
Lemma |8 . 1 1 yields the lemma. □ 



Proof of Proposition 9.2. Exactly the same reasoning as in the proof of Proposition 8.2 but 
using Lemma 9.21| instead of Lemma 8.14 □ 



Proof of Proposition 9.3. Define p = x ae -2i, such that (1 + p,p)e flp ^ ae 2<5 (1 + o(l)). As in 
the proof of Proposition 8.3 (see ( 8.57[ )), it is enough to show that 



sup sup P u (N^°\p) > aN,T>t)^ C 5 e 



5/4 



(9.26) 



for large A and a. Let v e G\ and t ^ e A a 2 . If t > *Jeo? , then the above probability is 

Suppose therefore that e A a 2 ^ t ^ y^a 3 and write 
x a )e~ Xa = a. Let n be the largest integer 



6.2 



bounded by Ce 2 by Proposition 
P = P(- 1 T > t). By definition, we have (1 



such that t n+ \ < t; note that n ^ 1 for large A. By Lemmas 6.9 and 6.12 together with 
Chebychev's and Markov's inequalities, (6.2) and (6.1), we have for large A and a, 



P(\e- A Z tr , 



And as in the proof of Lemma 
P(\e- A Z7 g 



9.16 



1| sS e 1/8 , Y tn sc e AA / 3 /a) > 1 - C 5 e 5/4 . (9.27) 

the same holds for Zf n and Y^ as well, which yields 
1| sc e 1 / 8 , Y t ws sc e 4A / 3 /a) > 1 - C 5 e^, (9.28) 



Lemmas 



5.8 



and 



Let AT g (r) 



9.9 



and Corollary 6.7 then show that P(i?j^° ^ 



> 0) ^ o(l). 



ae the white and grey particles to the right of r at time t which descend 



from the white and grey particles at time t n and which have not hit a between t n and t. By 



(9.29) 
(9.30) 



Proposition 5.3 and Corollary |6.7[ we have for large A and a, 

^i N t" S (p) I < e~ s/2 aNe~ A Zt n s , 
Var«s (p) | ^ C s , a a 2 N 2 e- 2A (a-iZ?s + 



Chebychev's inequality and (9.28) then give for large A and a, 



P(Af g (/>) > e- 5 l A aN) sc Ce 5 ^. 



(9.31) 
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Furthermore, denote by iVj bIue (r) the number of blue particles to the right of r at time t 
which have turned blue after t n + a 2 and which have not hit a between t n and t. Then by 
Lemma |9.11 and (9.3), we have 

E[Af luc (p)|^ t J 

C 5 e- A (K/a + e- A YZ s ) £ f E[L [TiT+dr] (u, S )]E°[iV t _ r (p)] 

Jtn+a2 (9.32) 

C s e- A (K/a + e- A YZ g ) £ P J > " X u (s),dr)E°[N t ^ T (p)], 



where we set d = t — t n . Note that (if + 3) a 2 < d < 2 (if + 3) a 2 . By Lemma 3.2 and Girsanov's 
theorem, we have now for every r ^ 0, 

a ^2 rco 

E°[JV T (p)] = e^W\{X T >p) = e^ T W°[e-^l {XT>p) ] = e^ T e^g^z) dz, 

Jp 

(9.33) 

where g T (x) = (2TTT)~ 1 ' 2 e~ x '( 2t ' is the Gaussian density with variance r. If r ^ a 2 , then 
sup^ g T {z) ^ C/a, such that for every x e [0, a] and z ^ p, 



rd—a~ 

I a {a - x, dr)g d _ T (z) Ccr 1 !*^ - x, [a 2 , d - a 2 ]) Cif a" 1 sin(vrx/a), (9.34) 

Ja 2 

by Lemma 2.1 Moreover, by Lemma 2.1 we have I a (a — x, dr) < Ca~ 2 sin(-7ra;/a) dr for every 
t ^ a 2 , such that 



rd ra 2 

I a {a - x, dT)g d _ T {z) ^ CaT 2 sin(7rx/a) r -1 / 2 dr < Ca -1 sin(7rx/a). 
Jd-a 2 Jo 

Equations ( j9~32~| ), ( [9733] ), ( [934] ) and ( |9~35| ) now yield 



(9.35) 



E[iY f /bluc (p) | & tn ] s; Ce-^e fia - A a- 2 (Ka- 1 + e^Y^Z] 
sc C s ae- 2A N(1 + ae- A Y£ s )Zl s . 



wg 

n ' in 



(9.36) 



Furthermore, if N[ est (p) denotes the particles to the right of r at time t descending from those 
turning blue between t n —% and t n + a 2 , then by (9.33) and the supremum bound on g T (z), 



(9.37) 



by Lemma 9.14 Markov's inequality applied to ( |9.37 ) and (9.36) together with (9.28), Lem- 
mas WA5 and 9.7 give 



P(iV? 



/blue 

t 



> eaN) < C s e 2 , 



(9.38) 



by (6.2). The statement now follows from (9.31), (9.38) and the above-mentioned bound on 
P ( R ttt] > °)" D 

Proof of Lemma 9.4 By definition, the B"-BBM and C"-BBM coincide until Q n on the set 
Gn- By Proposition 9.2 we have P(G ! f l ) > 1 — ne 1+t for some numerical constant e > 
and by the coupling of (0 n )n>o with a Poisson process of intensit y pB e A 7r ~ s ^ we have 



P(B £ -i- e /2 > e €//4 ) — ► 1, as yl and a go to infinity. Propositions 
transfer to the C^-BBM. 



9.2 



and 



9.3 



then readily 

□ 
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10 The iV-BBM: proof of Theorem [TTT 



We will first establish a monotone coupling between the iV-BBM and a class of slightly 
more general BBM with selection which includes the B^-BBM from Section [8] and the C"-BBM 



from Lemma 9.4 In a second part, Theorem 1.1 is proven. 



10.1 A monotone coupling between iV-BBM and more general particle 
systems 

A selection mechanism for branching Brownian motion is by definition a stopping line Jz? , 
which has the interpretation that if (u, s) e J??, we think of u being killed at the time t. The 
set of particles in the system at time t then consists of all the particles u £ <j¥(t), which do 
not have an ancestor which has been killed at a time s ^ t, i.e. all the particles u e ^V{t) 
with ££ S (u,t). 

Now suppose we have two systems of BBM with selection, the iV + -BBM and the iV - -BBM, 
whose selection mechanisms satisfy the following rules. 

1. Only left-most particles are killed. 

2. iV + -BBM: Whenever a particle gets killed, there are at least iV particles to its right 
(but not necessarily all the particles which have N particles to their right get killed). 
iV~-BBM: Whenever at least iV particles are to the right of a particle, it gets killed (but 
possibly more particles get killed). 

Let and be the counting measures of the particles at time t in iV + -BBM, N~- 

BBM and iV-BBM, respectively. On the space of (finite) counting measures on R we denote 
by < the usual stochastic ordering: For two counting measures v\ and v-i, we write v\ < V2 
if and only if v\{\x, oo)) < ^([x, oo)) for every x e R. If xi, . . . ,x n and yi,...,y m denote 
the atoms of v\ and V2 respectively, then this is equivalent to the existence of an injective 
map|®](/> : [re] — * [m] with Xi < y<j>{i) f° r an * E [ n ]- Furthermore, for two families of counting 
measures (ui(t)) t ^o and (i>2(i))t>0) we write (ui(t)) t ^o < {v2(i)) t ^o if ^ ^(t) for every 

st 

t ^ 0. If (vi\t))t^Q and {v2{t))t^o are random, then we write (^i(i))t^o ^ [y2\ff)t^o if there 
exists a coupling between the two (i.e. a realisation of both on the same probability space), 
such that (ux(t))t^o (^(*))t>o- 

S"t \T St | St AT- St | 

Lemma 10.1. Suppose that Uq < Vq < v~q . Then iy^jt^o ^ {^t )t>o — \ v t )t>o- 

Proof. We only prove the second inequality vf < f t + , the proof of the first one is similar. By 
a coupling argument and conditioning on J^q it is enough to show it for deterministic Uq and 
i/jj". Let n + = i/j"(R) and let n = (itf 1 ) , IT® , . . . ,n(" + )) be a forest of independent BBM trees 
with the atoms of Uq as initial positions. We denote by ^ n (t) the set of individuals alive^ 
at time t and by X^(t) the position of an individual u e ^V n {t). Denote by jV + (t) a t /K n (t) 
the subset of individuals which form the A r+ -BBM (i.e. those which have not been killed by 
the selection mechanism of the A r+ -BBM). We set = 2j«e^f+(t) $x n (t)- 

From the forest IT we will construct a family of forests = (H^P, . . . , Hy^)J (not 

necessarily comprised of independent BBM trees), such that 

- if T\ ^ T2, then the forests Eji and agree on the time interval [0,Ti], 

- the initial positions in the forest Ho are the atoms of z^, 

- for every T ^ 0, the iV-BBM is embedded in Hy up to the time T, i.e. for < t ^ 
T, if jV^it) denotes the set of individuals^ from alive at time t and X^(t) the 

8. We use the notation [n] = {1, . . . , n}. 

9. The term "alive" has the same meaning here as in Section 
10. Note that this does not depend on T. 



3.1 
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position of the individual u £ ^V a (t), then there is a subset ,yV N (t) cz J^ s (t) such 



that (t't V )o^t^r = {Yjue,Y N (t) ^X B (t))n<t<T ^ s ec L ua l i n ^ aw to the empirical measure of 



iV-BBM, 

- for every t ^ 0, there exists a (random) injective map fa : (t) —> ^V + {t) 1 such that 
Xf(t) ^ Xf t{u) (t) for every « e ^ N {t). 
We will say that the individuals u and ^(u) are connected. If at a time t an individual 
t> e ^V + {t) is not connected to another individual (i.e. v £ fa{^V N {t))), we say that v is /ree. 

The construction of the coupling goes as follows: Since Uq < Uq , we can construct So, 
JV N {$) and 0o, such that for every u e ,yf ^(0) we have X* (0) ^ X", JO) and the subtrees 

H n '°^ and n^ ^)' ) are the same up to translation. We now define a sequence of random 
times {t n ) n ^>Q recursively by to = and for each n, we define t n+ \ to be the first time after t n 
at which either 

1. a particle of the iV-BBM branches, or 

2. the left-most particle of the iV + -BBM dies without a particle of the iV-BBM branching. 
We then set 3t = Ho and fa = fa for all t e [0, ti). Now, let n e N and suppose that 

a) Hf and fa have been defined for all t < t n +% and are equal to 3j n and fa n , respectively, 

b) for each u e jY N (t n ), the subtrees H^'* n '' and ]J^ tn ^ u '' tn ' are the same, up to translation. 
Note that this is the case for n = 0. We now distinguish between the two cases above, starting 
with the second: 

Case 2: The left-most particle w' of the iV + -BBM gets killed without a particle of the N- 
BBM branching. If w' is free, nothing has to be done. Suppose therefore that w' is connected 
to a particle w of the A^-BBM. Then, since there are at most N —1 remaining particles in the 
iV-BBM and there are at least iV particles to the right of w' in the A r+ -BBM (otherwise it 
would not have been killed), at least one of those particles is free. Denote this particle by v' . 
We then "rewire" the particle w to v' by setting fa n+1 {w) ■= v' and define Et n+1 by replacing 
the subtree r^ ,tn+1 ^ in H( n by EQ" '* n+1 ^ properly translated. Note that we then have 

X ft n+1 (w) = Xtf(tn+i-) > X w ,(t n+ i-) > X*(t n+ i-), 
where the first inequality follows from the fact that w' is the left-most individual in iV + -BBM 



at time t n+ ± and the second inequality holds by hypothesis. See Figure 2.7 for a picture. 

w 

iV-BBM O.0 OOO 




A^+-BBM MO O CXDO 




v' 



Figure 2.7: The connection between the particles w of the iV-BBM and w' of the iV + -BBM 
breaks. By definition of the iV + -BBM, there exists a free particle v' to the right of w' and w 
is rewired to that particle. 



If more than one particle of the ./V+-BBM gets killed at the time i n +i, we repeat the above 
for every particle, starting from the left-most. 

Case 1: A particle u of the A^-BBM branches at time t n+ \. By the hypothesis b), the 
particle fa n (u) then branches as well into the same number of children. We then define 
fa n (uk) = fa n {u)k for each k e [C u ] (recall that C u denotes the number of children of u), 
i.e. we connect each child of u to the corresponding child of fa n (u). Now first define fa n+1 
to be the restriction of fa n to the surviving particles. Then continue as in Case 2, i.e. for 
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each particle w' of the iV + -BBM which gets killed and which is connected through (f)' t to a 
particle w of the A-BBM, rewire wtoa free particle v'. In the end, we get (ftt n+1 - 

In both cases, we then set Ef = St n+1 and <pt = <f>t n+ i f° r each t e \t n+ \,t n+ 2)- Note that 
each time we are rewiring a particle, we rewire it to a particle whose subtree is independent 
of the others by the strong branching property, whence the particles from J^ N (t) and ^¥ + (t) 
still follow the law of iV-BBM and iV + -BBM, respectively. Furthermore, we have for every 
oj e Q: Vt T {u>) < for every t ^ 0. This finishes the proof. □ 

10.2 Proof of Theorem HTT1 

Let (ff V )f>o be measure-valued iV-BBM starting from the initial condition 

(HO) at time 0, there are N particles independently distributed according to the density 
proportional to sm(nx/a,N)e~ x l( xe (o taN ^, where ajy = (logiV + 3 log log N). 

Recall the definitions from the introduction. Let a e (0,1). We wish to show that the 
finite-dimensional distributions of the process 

(M ( f(tlog 3 iV)) &0 (10.1) 

converge weakly as ./V — > oo to those of the Levy process (Ltjt^o stated in Theorem 1 1 . 1 1 with 
Lq = x a . We will do this by proving seperately a lower and an upper bound and show that 
in the limit these bounds coincide and equal the Levy process (Lf)t^o- 



Lower bound. Fix a e (0, 1) and 5 > 0. We will let ./V and in parallel A and a go to infinity 
(in the meaning of Section [7| in such a way that N = 2ire A+i 'a~ 3 e^ a and such that A goes 
to infinity sufficiently slowly such that the results from Section [8] hold. We then have with 
c = log(2vr), 



a N - (A + 5 + c+ o(l)) 5 



and 



7T 



M = Mat 



{A + 8 



o(l)). 



:io.2i 



Let {y\)t^-Q be the measure-valued B^-BBM starting from the initial configuration (HBjJ, 
i.e. iPq is obtained from [e -<5 iVj particles distributed independently according to the density 

st 

proportional to sin(7ra;/a)e~' 11 'l(o )a ) (x). An easy calculation now shows that Vq < Vq for 
large N, by (10.2). Now, if X\ denotes the barrier process of the B^-BB M, th en (^)t^o 
{y\ + yd + X\)t^.Q is by definition an instance of the A~-BBM. Lemma 

st 

large 2V, (y~ )t^o ^ ( l/ t^)t^o, which by definition implies 



10.1 



now gives for 



St. 



(qu>f)) t> o Hq<>r))^o- 



Given < t\ < . . . < t n , we now define t 
N — » oo. We then have 

(M^^log 3 ^)) 

V /«=!,.. .,n 



N 



Hi log 3 N, such that t 



N 



^ U a(^log 3 iv) 



st 



st 



N 

qu a li' 

qu«(^ 3i iv 



U log 3 N> 



X 



^log 3 iV) i=li n 
m tilog 3 N) i=ltn 

7T 2 {A + 5 + C + 0{l))t?] 



(10.3) 

-> ti for every i, as 
by definition 



by (10.3) 



i=l, 



> {x ae2S + L u -0{5) + c) 



i=l,...,n 



by <^ 
for large N, 
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where the last inequality follows from Propositions 8.2 and 8.3, with (Lt)t^o being the Levy 
process from the statement of Theorem |1 . 1 1 starting from 0. Letting first N — > oo, then <5 — ► 
yields the proof of the lower bound. 



Upper bound. 



The proof is analogous to the previous case, relying on Propositions 9.2 and 

the 



9.3 instead of Propositions |8.2| and 8.3 



There are only two differences to notice: First 
B*-BBM is not a realisation of the 7V+-BBM. However, the C^-BBM (defined in Lemma ^A) 
is such a realisation and by that lemma, Propositions 9.2 and 9.3 hold for the C"-BBM as 



St 



well. Second, if i>q is distributed according to (HBjJ, we do not have Vq < z/q. However, if 
is obtained from Uq by killing the particles in the interval [ajy — A 2 ,ajy], then by (10.2), 



-AT 



a quick calculation shows that 



with high probability and v { 



St 



as goes to 



infinity. This finishes the proof of the upper bound and of Theorem |1.1| 
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Chapter 3 

A note on stable point processes 
occurring in branching Brownian 
motion 



1 Introduction 

Brunet and Derrida |54[ p. 18] asked the following question, which arose during the study 
of the extremal particles in branching Brownian motion: Let Z be a point process on R, with 
the following property they called "superposability": Z is equal in law to T a Z + TpZ', where 
Z' is an independent copy of Z, e a + e 13 = 1 and T x is the translation by x. Is it true that Z 
can be obtained from a Poisson process of intensity e~ x dx on R by replacing each point by 
independent copies of an auxiliary point process D (they called D the "decoration")? More 
precisely can Z be written as 



&A, (Li) 



i=l 



where are the atoms of the above-mentioned Poisson process and D\, D2, ■ ■ ■ are inde- 

pendent copies of D and independent of £? This question was answered in the affirmative by 
the author |116j . and independently in the special case arising in branching Brownian motion 
by Arguin, Bovier, Kistler |10[ [TT] and A'idekon, Berestycki, Brunet, Shi |4j. The represen- 



tation (1.1) was also shown for the branching random walk by Madaule |114J . relying on the 
author's result. See also [98j for a related result concerning branching random walks. 

Immediately after the article |116j was published on the arXiv, the author was informed 
by Ilya Molchanov that the superposability property had a classical interpretation in terms 



of stable point processes, and the representation (1.1) was known in this field as the LePage 
series representation of a stable point process. 



The purpose of this note is two-fold: First, we want to outline how (1.1) can be obtained 



via the theory of stability in convex cones. Second, we give a succinct and complete proof of 



(1.1) and an extension to random measures for easy reference. 



2 Stability in convex cones 

Let Y be the image (in the sense of measures) of Z by the map x >—> e x (this was suggested 
by Ilya Molchanov), such that Y is a point process on R + = (0, go). By the superposability 
of Z, Y has the following stability property: Y is equal in law to aY + bY' , where Y' is 
an independent copy of Y, a, b ^ with a + b = 1 and aY is the image of Y by the map 



Chapter 3. A note on stable point processes occurring in branching Brownian motion 



x >—> ax. If Y is a simple point process, one can see the collection of points of the point 
process Y as a random closed subset of R + , and the stability property is then also known as 
the union- stability for random closed sets (see e.g. |119[ Ch. 4.1]). 

Davydov, Molchanov and Zuyev [70j have introduced a very general framework for study- 
ing stable distributions in convex cones, where a convex cone K is a topological space equipped 
with two continuous operations: addition (i.e. a commutative and associative binary operation 
+ with neutral element e) and multiplication by positive real numbers. Furthermore, the two 
operations must distribute and K\{e} be a complete separable metric space. For example, the 
space of compact subsets of R d containing the origin is a convex cone, where the addition is 
the union of sets and the multiplication by a > is the image of the set by the map x >—> ax 
(see Example 8.11 in [TO] ) . Furthermore, it is a pointed cone, in the sense that there exists a 
unique origin 0, such that for each compact set K a R rf , aK — > as a — > (the origin is of 
course = {0}). The existence of the origin permits to define a norm by \\K\\ = d(0, K), with 
d the Hausdorff distance in R d . An example of a convex cone without origin (Example 8.23 
in |70| ) is the space of measures on R d \{0} equipped with the usual addition of measures and 
multiplication by a > being defined as the image of the measure by the map x t— > ax, as 
above. 

A random variable Z with values in K is now called a-stable if a}l a Z + b l l a Z' is equal 
in law to (a + b) l l a for every a,b > 0, where Z' is an independent copy of Z and a e R. 
With the theory of Laplace transforms and infinitely divisible distributions on semigroups (the 
main reference to this subject is |25|). the authors of |70] then show that to every a-stable 
random variable Z there corresponds a Levy measure A which is homogeneous of order a, 
i.e. A(aB) = a a A{B) for any Borel set B. Actually, A is a priori only defined on a certain 
dual of K, and a considerable part of the work in [70j is to give conditions under which A is 
supported by K itself. These conditions are satisfied for the first example given above, but 
not for the second, since they require in particular that the cone be pointed. Moreover, and 
this is their most important result, under some conditions satisfied by the first example, Z 
can be expressed as its LePage series, i.e. the sum over the points of the Poisson process with 
intensity measure A. 



In order to get to the decomposition (1.1), one must then disintegrate the homogeneous 



Levy measure A into a radial and an angular component, such that A = cr~ a dr x a for c > 
and some measure a on the unit sphere § = {xeK: ||x|| = 1}. This is also called the spectral 
decomposition and a is called the spectral measure. If a has mass 1, then the LePage series 
can be written as 



where £i, £2, ■ • • are the atoms of a Poisson process of intensity cr a dr and X\, X2, ■ ■ ■ are iid 



according to a, independent of the This is exactly the decomposition (1.1). 



3 A succinct proof of the decomposition 

As mentioned in the introduction, we will give here a short proof of the decomposition 



(1.1) and its extension to random measures. We hope that this proof will be more accessible 



to probabilists who are not familiar with the methods used in [70J. Furthermore, the results 



in |70] cannot be directly applied to give the extension of (1.1) to random measures, such 



that it may be of interest to give a rigorous proof in that setting. 
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3.1 Definitions and notation 

We denote by Ai the space of boundedly finite measures on R, i.e. measures, which 
assign finite mass to every bounded Borel set in R, and by Af the subspace of counting 
measures. It is known (see e.g. [66J, p. 403ff) that there exists a metric d on Ai which 
induces the vague topology and under which (Ai, d) is complete and separable (but not locally 
compact). We further set Ai* = Ai\{Gi], which is an open subset and hence a complete 
separable metric space as well ([H], IX. 6.1, Proposition 2), when endowed with the metric 
d*(fi,v) = d{ii,v) + \d{fj,, 0) _1 — d(v,G) \, equivalent to d on Ai*. The spaces Af and 
Af* = Af\{0} are closed subsets of Ai and Ai*, and therefore complete separable metric 
spaces as well (|42|. IX. 6.1, Proposition 1). 

For every x e R, we define the translation operator T x : Ai —* Ai, by (T x fj,)(A) = fi(A-x) 
for every Borel set A c R. Furthermore, we define the function M : Ai* — * R by 

M(p) = inf{x £ R : ji((z,oo)) < min(l,/x(R)/2)}. 

Note that if fj, e Af, then M(fj,) is the position of the right-most atom of fj,, i.e. M(fi) = 
supsupp^. It is easy to show that the maps (x,fl) >—* T x [i and M are continuous, hence 
measurable. 

A random measure Z on R is a random variable taking values in Ai* . HZ takes values in 
Af, we also call Z a point process. For every non-negative measurable function / : R — > R + , 
we define the cumulant 



K{f) = K z {f) = -logE[exp(-<Z,/»] e [0,co], 
where /) = J R /(x)//(dx). The cumulant uniquely characterises Z ([66], p. 161). 

Theorem 3.1. Let Z be a random measure and let K{f) be its cumulant. Then Z is super- 
posable if and only if for every measurable non-negative function f : R — > R + , 

K{f) = c f e- x f{x) dx + f e- x f [1 - exp(-</i, f))]T x A(d^ dx, (3.1) 
Jr Jr jm* 

for some constant c ^ and some measure A on Ai* , such that 

[l-e- y )A(fi(A + x)edy)dx<oo, (3.2) 



Jr Jo 



/or even/ bounded Borel set 4cR. Moreover, A can be chosen such that A(ilf (//) 7^ 0) = 0, 
and as suc/i, is unique unless Z = almost surely. 



Corollary 3.2. ^4 point process Z is superposable if and only if it has the representation (1.1) 
/or some pomi process D satisfying 



f 



P(D(A + x) > 0)e x 'dx < 00. (3.3) 
7/P(Z 7^ 0) > 0, t/ien t/iere exists a unique pair (m,D), such that P(M(D) = m) = 1. 



3.2 Infinitely divisible random measures 

Our proof is based on the theory of infinitely divisible random measures as exposed in 
Kallenberg |99| . A random measure Z is said to be infinitely divisible if for every n e N there 
exist iid random measures Z^\ . . . , Z^ such that Z is equal in law to Z^ + • • • + Z^ n \ It is 
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said to be infinitely divisible as a point process, if Z^> can be chosen to be a point process. 
Note that a (deterministic) counting measure is infinitely divisible as a random measure but 
not as a point process. 

The main result about infinitely divisible random measures is the following (see [99J, 
Theorem 6.1 or |67| . Proposition 10. 2. IX, however, note the error in the theorem statement 
of the latter reference: F\ may be infinite as it is defined). 

Fact 3.3. The random measure Z is infinitely divisible if and only if 

K(f) = <A, /> + f [1 - exp(-< M , /»]A(d M ), 

JM* 

where A e Ai and A is a measure on M* satisfying 

rCO 

(1 - e- x )A(n(A) e dx) < oo, (3.4) 

Jo 

for every bounded Borel set icR. 

The probabilistic interpretation ([99J, Lemma 6.5) of this fact is that Z is the superposition 
of the non-random measure A and of the atoms of a Poisson process on A4* with intensity A, 
which is exactly the representation of Z as the LePage series mentioned in Section [2] It has 
the following analogous result in the case of point processes ( |67] , Proposition 10. 2. V), where 
the measure A is also called the KLM measure. 

Fact 3.4. A point process Z is infinitely divisible as a point process if and only if A = 



and A is concentrated on N* , where A and A are the measures from Fact 3.3 Then, (3.4) is 
equivalent to A(fi(A) > 0) < oo for every bounded Borel set 4cR. 

In particular, the Levy/KLM measure of a Poisson process on R with intensity measure 
v(dx) is the image of v by the map x i-> 5 X . 



3.3 Proof of Theorem I3TT1 



We can now prove Theorem 3.1 and Corollary 3.2 For the "if" part, we note that (3.2) 



implies (3.4) for the measure A = x T x Adx, such that the process with cumulant given by 



(3.1) exists. The superposability is readily verified. Further note that for point processes the 



condition (3.3) is equivalent to (3.2). 



It remains to prove the "only if" parts. Let Z be a superposable random measure. Then, 
for a, f3 e R, such that e a + e@ = 1, we have 

K(f) = -logE[exp(-<Z,/»] = -logE[exp(-<T a Z,/»] - logE[exp(-<7>Z, /»] 

= #(/(• + a)) + #(/(• + £)). 

Setting (p(x) = K(f(- + logx)) for x e R + (with (p(0) = 0) and replacing / by /(• + log a;) in 
the above equation, we get (f(x) = (p(xe a ) + (p(xe^) for all x e R + , or (f(x) + (p(y) = tp(x + y) 
for all x, y e R + . This is the famous Cauchy functional equation and since ip is by definition 
non-negative on R + , it is known and easy to show [68j that <p(x) = (f(l)x for all x £ R+. As 
a consequence, we obtain the following corollary: 

Corollary 3.5. K{f(- + x)) = e x K(f) for all ieR. 

Furthermore, it is easy to show that superposability implies infinite divisibility. We then 
have the following lemma. 
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3. A succinct proof of the decomposition (1.1) 



Lemma 3.6. Let A, A be the measures corresponding to Z by Fact \3.3\ 

1. There exists a constant c ^ 0, such that A = ce~ x dx. 

2. For every ieR, we have dT x A = e x dA in the sense of Radon- Nikodym derivatives. 

3. /x(R + ) = for A-almost every fi. 

Proof. The measures T X X, T X A are the measures corresponding to the infinitely divisible 



random measure T X Z by Fact 3.3 But by Corollary 3.5 the measures e x \ and e x A correspond 
to T X Z, as well. Since these measures are unique, we have T x \ = e x X and T X A = e x A. The 
second statement follows immediately. For the first statement, note that c\ = A([0, 1)) < oo, 
since [0, 1) is a bounded set. It follows that 

c\e 

z x e - = ■ 

hence A([x,oo)) = ce~ x for every x e R. The first statement of the lemma follows. For the 



A([0, oo)) = 2 A([n, n + 1)) = £ c^ = ^ =: c, 



third statement, let I n = [n,n + 1) and I = [0, 1). By (3.4), we have 



A(fi(I) > x) dx = xA(/j,(I) e dx) < oo. 
Jo Jo 



By monotonicity, the first integral is greater than or equal to xA(/i(J) > x) for every x e [0, 1], 
hence A(/x(J) > x) ^ C/x for some constant < C < oo. By the second statement, it follows 
that 

A(/i(/ n ) > e- n/2 ) = e- n A(fi(I) > e~ n/2 ) ^ Ce- n/2 , 
for every n e N. Hence, XineN ^ {^(^n) > e~ n ^ 2 ) < oo. By the Borel-Cantelli lemma, 

A (lim sup \n(I n ) > e~ n/2 

which implies A(/i((0,oo)) = oo) = 0. □ 

Lemma 3.7. The measure A admits the decomposition A = § e~ x T x A dx, where A is a unique 
measure on At* with A(M(/i) # 0) = which satisfies (|3.2j). 



Proo/. We follow the proof of Proposition 4.2 in [130J. Set TWg := {fi £ M* : M(fi) = 0}, 
which is a closed subset of M* , and therefore a complete seperable metric space (|42j. IX. 6.1, 
Proposition 1). By the continuity of (x,fi) >— > T x fj,, the map (j) : M* — » Mq x R defined 
by <f>{fi) = (T_ M / IJ \ , Af(/i)) is a Borel isomorphism, i.e. it is bijective and (p anci ^ are 
measurable. The translation operator T x then acts on A4q x R by T x (/j,,m) = (fj,,m + x). 
If A n = {fj, e A1q : 2n, 2n]) ^ 1/"}, then A(A n x [— n, n]) < oo for every n e N by 



(3.4). By the theorem on the existence of conditional probability distributions (see e.g. [100J, 
Theorems 5.3 and 5.4) there exists then a measure Ao on A^q with Ao(A n ) < oo for every 
n e N and a measurable kernel K(fj,, dm), with K (/i, [— n, n]) < oo for every n e N, such that 



A(d/x,dm) = A (d/x)K(^,dm). 
Jx* 



Moreover, we can assume in the above construction that K(fi, [0, 1]) = K(fj,', [0, 1]) = 1 for 



3.6 



we 



every /i, /i' e A4q and n e N, and with this normalization, Ao is unique. By Lemma 
now have T x K(fj,, dm) = e x K(fi, dm) for every x 6 R and \i e .M*,- As in the proof of the first 



statement of Lemma 3.6 we then conclude that K(fj,,dm) = c(/x)e m dm for some constant 
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c(/u) ^ 0, and by the above normalization, c(/z) = c := e/(e — 1). Setting A(dm) = cAo(dm) 
then gives 

A(d/z,dm)=f A(d^)e^ m dm, 
Jm? 



which finishes the proof. 



□ 



The "only if" part of Theorem 3.1 now follows from the previous lemmas. If Z is a point 



process, then Fact 3.4| implies that A = and that A is concentrated on A/"*, hence A as 
well. Equation (3.2) then implies that A(fi(A) > 0) < oo for any bounded Borel set A a R. 
In particular, this holds for A = [—1,1]. But since \i e A/g implies /i([— 1,1]) > and 
since A is concentrated on A/g , it has finite mass. If A has mass zero, then Z = almost 
surely. If A has positive mass, set m = log A (A/"*). The measure A' = e~ m T m A is then a 



probability measure and A = $e X T X A' dx. Furthermore, Z satisfies (1.1), where D follows 
the law A'. Uniqueness of the pair (m,D) follows from Lemma 3.7 This finishes the proof 



of Corollary 3.2 



3.4 Finiteness of the intensity 

If Z is a superposable point process and has finite intensity (i.e. i?[Z(A)] < go for every 
bounded Borel set A c R), then it is easy to show that the intensity is proportional to e~ x dx. 
However, in the process which occurs in the extremal particles of branching Brownian motion 
or branching random walk, the intensity of the decoration grows with Ixje'^', as x — > — oo |54| 
Section 4.3]. The following simple result shows that in these cases, Z does not have finite 
intensity. 



Proposition 3.8. Let Z be defined as in (1.1). Then Z has finite intensity if and only if 
E[(D,e x )] < oo. 



Proof. By Tonelli's theorem, 



E[Z(A)] = E 



E E [W)ia 



f E[D(A - y)e~ y ] dy = E ( D(A-y)e~ v dy 

Jr LJr 



for every bounded Borel set A a R. Again by Tonelli's theorem we have 

f D(A-y)e-ydy= f f l A ^,{x)e^ dy D(dx) = (D, f l A ^(-)e^ dy>. 
Jr JrJr Jr 

For ieR, x e A — y implies y e [min A — x, max A — x]. Since e~ y is decreasing, we therefore 
have 

| A | e -max.l. 



z x ^ f l A - y (x)e-y dy < \A\e 
Jr 



m\nAx 



where |^4| denotes the Lebesgue measure of A. We conclude that i?[Z(yl)] < oo if and only if 
E[(L>, e x )] < oo. □ 
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